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Abstract. Let -R be a discrete valuation ring of unequal characteristic which contains a prim- 
itive p 2 -th root of unity. If K is the fraction field of R, it is well known that (Z/p 2 Z)x ~ /Lt p 2 K . 
We prove that any finite and flat i?-group scheme of order p 2 isomorphic to (Z/p 2 Z)/f on the 
generic fiber (i.e. a model of (Z/p 2 Z)if ), is the kernel in a short exact sequence which generically 
coincides with the Kummer sequence. We will explicitly describe and classify such models. 
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Introduction 

Notation and Conventions. If not otherwise specified we denote by R a discrete valuation 
ring (in the sequel d.v.r.) of unequal characteristic, i.e. a d.v.r. with fraction field K of char- 
acteristic zero and with residue field k of characteristic p > 0. Moreover we write S — Spec(i?). 
If, for n € N, there exists a distinguished primitive p n -th root of unity £n in a d.v.r. R, we call 
A( n ) := Cn — 1. We remark that u(A/ n _i)) = pv(X( n )) and v(p) = p n ~ l {p — l)v{\ n ). Moreover, for 
any i < n, we suppose Ci-i = Cf ■ ^- n d we will denote by ir G R one of its uniformizers. Moreover 
if G is an affine i?-group scheme we will denote by R[G] the associated Hopf algebra. All the 
schemes will be assumed nocetherian. 
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Let K be a field of characteristic which contains a primitive p n -th root of unity. We remark 
that this implies n p n ~ Z/p™Z. We recall the following exact sequence 

1 ► (Apn — > G m — > G TO — ► 1, 

so-called the Kummer sequence. The Kummer theory says that any p™-cyclic Galois extension 
of K can be deduced by the Kummer sequence. We stress that the Kummer sequence can be 
written also as follows 

1 ► fl p n > G™ — ^ G m ► 1 

where 6 n ((T u . . . ,T„)) = (1 - Tf , Ti - If, . . . , T„_! - T%). 

Let fc be a field of characteristic p > 0. The following exact sequence 

— » Z/p"Z — > W„(fc) ^ W n (A) — » 0, 

where W n (fc) is the group scheme of Witt vectors of length n, is called the Artin-Schreier-Witt 
sequence. The Artin-Schreier-Witt theory implies that any ^"-cyclic Galois covering of k can be 
deduced by the Artin-Schreier-Witt sequence. 

Let now R be a d.v.r. of unequal characteristic which contains a p n -th root of unity. It has 
been proved, independently, by Oort-Sekiguchi-Suwa ([14]) and Waterhouse (|27J) the existence 
of an exact sequence of group schemes over R which unifies the above two sequences for n = 1 . 
Later Green-Matignon ([5]) and Sekiguchi-Suwa([22]) have, independently, constructed explicitly 
a unifying exact sequence for n — 2. This means that it has been found an exact sequence 

(1) — > Z/p 2 Z — > w 2 — >W 2 — > o 

that coincides with the Kummer sequence on the generic fiber and with the Artin-Schreier-Witt 
sequence on the special fiber. The case n > 2 is treated in [13j and [21]. In this paper we focus 
on finite and flat R- group schemes of order p 2 which are isomorphic to (Z/p 2 Z)x on the generic 
fiber, i.e. models of (Z/p 2 Z)/f . And we will prove that, for any such a group scheme G, there 
exists an exact sequence 

— > G — >£ 1 — > E 2 — > 0, 
with £i,<?2 smooth i?-group schemes, which coincides with the Kummer sequence on the generic 
fiber. We will describe explicitly all such isogenies and their kernels. Moreover we will give a 
classification of models of (Z/p 2 Z)k- 

We now explain more precisely the classification we have obtained. The first two sections are 
devoted to review some known facts: in the first one we recall the definition of a class of group 
schemes of order p", called G\. n , which are isomorphic to pL v ™ on the generic fiber; in the second 
one we recall some results about Neron blow-ups. 

In the third section we recall the following well known result about classification of models of 
(Z/pZJjf. 

Theorem. \3.1\ Let suppose that R contain a primitive p-th root of unity. If G is a finite and 
flat R-group scheme such that Gk — (^/p^k then G ~ Gx,i for some A G R. 

In §4] we study the models of (Z/p 2 Z)^-. Let us suppose that R contains a primitive p 2 -th 
root of unity. We remark that this hypothesis is only used to conclude that (Z/p 2 Z)x ~ {n p i )x. 
Without this hypothesis what follows remains true substituting {Z/p 2 Z)k with (p^)^. First of 
all we show that any model of (Z/p 2 Z)k is an extension of G^.i by G\.\ for some p, A e R \ {0}. 
So we reduce ourselves to investigate on Ext 1 (G^x, Ga,i). 

Let S\ := Spec(i?/Ai?) and let us define the group 

rad p ,\(< 1 + pS >) := |(F(5),j) G Hom 9r (G M! i| Sx , G m | gA ) x Z/pZ such that 

F(Sf(l +»S)-i = 1 e Hbm(G Mll|s ,G m | S ^)}/ < 1 + fiS > . 
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There is an abuse of notation since S denotes both Spec(i?) and the indeterminate of some 
polynomials. For any (F,j) 6 rad p ,\(< 1 + fiS >) we will explicitly define in 14.41 an extension 
g(pA;F,j) f G^i by G\.\. As a group scheme £^' X ' F ^> is the kernel of an isogeny of smooth 
group schemes of dimension 2. This isogeny generically is isomorphic to the morphism B n defined 
above. Using this notation, we will give a description of Ext (G^i, G\,i)- 

Theorem. \4-39\ Suppose that A, \i € R with u(An)) > v(X), v(fx). There exists an exact sequence 

— » rad p , x (< l + fiS>)^ Ext 1 (G? M ,i, G x ,i) — » 

— ker (h\S, GXr) — H 1 ^, G^)) 

where j3 is defined by 

(F,j)^£^' x ' F ' j l 

In particular the set {£ (^' A ' F >J)} C Ext 1 (G Mj i, Ga,i) is a group isomorphic to rad p \{< 1 + fiS >). 

The group Ext (G M) i, Ga.i) has been described by Greither in [6j through a short exact se- 
quence, different by that of the previous theorem. An advantage of our description is that we 
individuate a class of extensions which, if we forget the structure of extension, "essentially" covers 
all the group schemes of order p 2 . Indeed from 14.391 it follows that any group scheme of order 
p 2 , up to an extension of R, is of the form £^^ F ^) (see !4.43p . Using the Sekiguchi-Suwa theory, 
which is briefly explained in §4.21 we obtain the following result. 

Corollary. \4-47\ Let us suppose p > 2. Let /i, A G R \ {0} be with ^(A^)) > v(n) > v(X). Then, 
the group {£ (^> A ; F >-?J } is isomorphic to the group 

=- {(«) e (R/XR } x Z/ pZ „ ck ^ . an^-i, - ^ e R,X' R \ 

through the map 

We give also a similar description of the group {£(v,*;F,j)^ w ^j 1 v ^ <- v (\): see !4.45l Moreover 
we remark that we can explicitly find all the solutions a of the equation pa—jfi = -^r^ dP mod A p 
if v(fi) >u(A)(see|HSTJ. 

In §5 we are interested in the group schemes which are models of (Z/p 2 Z)/f . We prove the 
following theorem. 

Theorem. \4-58\ Let us suppose p > 2. Let G be a finite and flat R-group scheme such that Gk — 
(Z/p 2 Z) K . Then G ~ £^ m ^"^=o irS',1) / or some «(A ( i)) > m > n > and (a, 1) e 
Moreover m, n and a £ R/ir n R are unique. 

The last section is devoted to determine, through the description of 14.471 the special fibers of 
the extensions which, as group schemes, are models of {T,/p 2r L)K- 

The explicit description of the models of {X/p 2 X)k presented in this paper will be used in [24J 
to study the degeneration of Z/p 2 Z-torsors from characteristic to characteristic p. 
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interest in my work. I am deeply grateful to Matthieu Romagny for his very careful reading of 
this paper and for his several comments, suggestions, remarks and answers to my questions. I 
wish also to thank Professor Fabrizio Andreatta for having suggested me the sketch of proof of 
14.271 Finally I thank Filippo Viviani for the stimulating and useful conversations. 
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1. Some group schemes of order p n 
For any A G R define the group scheme 

gW=S V ec(R[T, r ^ f }) 

The i?-group scheme structure is given by 

T — >1®T + T<g>l + AT®T comultiplication 
T — > counit 
T 

T — > — — coinverse 

1 + AT 

We observe that if A = then ~ G a . It is possible to prove that ~ if and only 
if v(X) = v(fj) and the isomorphism is given by T — > ^T. Moreover it is easy to see that, if 

A G ttR \ {0}, then g k X) ~ G a and ~ G m . It has been proved by Waterhouse and Weisfeiler, 
in |28[ 2.5], that any deformation, as a group scheme, of G a to G m is isomorphic to g^ for some 
A G irR \ {0}. If A G R \ {0} we can define the morphism 

a x : g ( V — » G m 



given, on the level of Hopf algebras, by x i — ► 1 + Air: it is an isomorphism on the generic fiber. 
If v(X) = then a x is an isomorphism. 

We now define some finite and flat group schemes of order p n . Let A G R satisfy the condition 

(*) v(p)>p n - 1 (p-l)v(X). 

Then the map 

T — » J\„(T) 

is an isogeny of degree p™ . Let 



(1 + AT)p" - 1 



G x , n ■= Spec{R[T]/P^ n (T)) 

be its kernel. It is a commutative finite flat group scheme over R of rank p n . It is possible to 
prove that 

(G\ :n ) k ~ n p n. if v(X) = 

(G A ,„) fc ~ a p n if p"- 1 ^- l)v(A) < «(p); 

(G A ,„) fe - V- 1 x Z /P Z if P n_1 (P - X M A ) = 
We observe that a x is compatible with ip\, n , i-e the following diagram is commutative 



(2) 



Then it induces a map 



gW — — 



_ A.n . /~i . , , 

« • LrA.n ► Hp™ 



which is an isomorphism on the generic fiber. And if v(X) = then a ' n is an isomorphism. 
We remark that 

0, if v(\) < v(A'); 

Z/p n Z, otherwise. 



Hom(GA, n , Gy,n) 
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If i>(A) > v(X') the morphisms are given by 

G\,n * G\',„ 

(1 + AT)' - 1 
' * A' 

for i = 0, . . . ,p n — 1. It follows easily that G\^ n ~ Gy, n if and only if v(\) = v(X'). 

In the following any time we will speak about Ga,„ it will be assumed that A satisfies (*). If 
R contains a primitive p n -th root of unity £„ then, since 

v(p)=p n - 1 (p-l)v(\ {n) ), 

the condition (*) is equivalent to v(X) < u(A(„)). 

2. Neron blow-ups 

We recall here the definition of Neron blow-up. For details see [H Ch. 3], [16] and [28]. In this 
section R is a not necessarily of unequal characteristic. 

Definition 2.1. Let X be a flat afflne i?-scheme of finite type and R[X] its coordinate ring. Let 
Y be a closed subscheme of Xu defined by some proper ideal I{Y) of i?LY]. Then 7r S I(Y). We 
define the Neron blow-up (or dilatation) of Y in X by 

X Y := Spec(yl[7r- 1 J(y)]). 



Then X Y is a flat affine i?-scheme of finite type and the i?-homomorphism R[X] C R[ir 1 I(Y)] 
induces a morphism 

X Y -^X, 

which gives an isomorphism on the generic fiber. 

The Neron-blow up is explicitly given as follows: let I = (w, f%, . . . , fk) with fi G R. Then 

R[X Y }= R[X][7T-\f n-'M. 

So X Y is the open set ofx e Proj(0i>o/ i ) (the classical blow-up of X in Y), where I x is generated 
by 7r. Clearly it is possible to give the definition for schemes in general (see [21 Ch. 3]). 

In the following we are interested in the case where X is an affine flat group scheme G and Y 
a subgroupscheme H of Gk- We recall the following definitions. 

Definition 2.2. Let ip : G — > if be a morphism of flat i?-group schemes which is an isomorphism 
restricted to the generic fibers. Then it is called a model map. 

Definition 2.3. Let Hk be a group scheme over K . Any flat i?-group scheme G such that 
Gk — Hk is called a model of Hk ■ 

It is possible to prove that G H is a group scheme and G H — ► G is a model map ([281 !•!])• 
We recall the following results: 

Proposition 2.4. The canonical map G H — ► G sends the special fiber into H . Moreover G H 
has the following universal property: any model map G' — ► G sending the special fiber into H 
factors uniquely through G H . 

Proof. [28, 1.2]. □ 

Theorem 2.5. Any model map between affine group schemes is isomorphic to a composite of 
Neron blow-ups. 

Proof. [23 1.4]. □ 
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Example 2.6. Let us consider the group scheme G^i = Spec(i?[5]/( with v(p) > 

(p — l)v(fi). The only possible subgroup of (G Mi i)fc which gives a nontrivial blow-up is H = e. 
Then 1(H) = (tt, S) if w(p) > and 1(H) = (it, S — 1) otherwise. It is easy to see that, in both 

cases, 

G^i — G^ttj. 

So if there exists a model map G — ► G M ,i then, using 12.51 G ~ G\,i for some A 6 R. 

3. Models of (Z/pZ) K 

We now recall the classification of (Z/pZ)if-models. Two proofs of this result are for instance 
given in |12l 1.4.4, 3.2.2]. The second one is essentially that we present here. We remark that 
if G is a model of (Z/mZ)x and R contains a primitive m-th root of unity then there are the 
following model maps 

Z/rnZ — ► G — ► /i m . 

Indeed the first one is the normalization map, while the second one is the dual morphism of the 
normalization Z/mZ — > G v (see also [THl 2.2.3] for a more general result). 

Proposition 3.1. Let us suppose that R contains a primitive p-th root of unity. If G is a finite 
and flat R-group scheme such that Gk — Z/pZ then G ~ Ga,i for some A G R \ {0}. 

Proof. As remarked above we have an i?-model map 

tp : G — ► (j, p . 

By 12.51 it is a composition of Neron blow-ups. Then, by 12. 6[ it follows that G ~ Ga,i for some 

Aei?.\{0}. □ 

4. Models of (Z/ p 2 Z) k 

In this section we study models of (Z/p 2 Z)x. Throughout the section we suppose that R 
contains a primitive p 2 -th root of unity. First of all we prove that any such group is an extension 
of G p ,i by Ga.i for some fi,X e R \ {0}. 

Lemma 4.1. Let G be a finite and flat R-group scheme of order p 2 such that Gk is a constant 
group. Then G is an extension o/G Mi i by Ga,i for some /i, A G R \ {0}. 

Proof. If Gk is a constant group then Gk is isomorphic to (Z/p 2 Z)k or to (Z/pZ)x x (Z/pZ)^. 
We consider the factorization 

— > (Z/pZ) K — > G K — > (Z/pZ) K — ► 0. 

We take the closure G\ of (Z/pZ)k in G. Then Gi is a model of (Z/pZ)j<-. So by 13.11 it follows 
that Gi ~ Ga,i for some A e i? \ {0}. G/G\.i is a model of (Z/pZ)#, too. So, again by 13.11 we 
have G/G\.\ ~ G^i for some fi £ R \ {0}. We are done. □ 

So we study, first of all, the group Ext 1 (G Ati i, Ga,i). 

4.1. Extensions of group schemes. We here recall some generalities on extensions of group 
schemes. For more details see @J III. 6]. 

Let G and H be group schemes on S. We moreover suppose that H is commutative and that 
G acts on H. Let us denote 

Ext°(G,tf) = W e Hom Scftg (G,#)kG?<?') - + 

for any local sections <?,(?' of G}. 
We are interested in the case that G acts trivially on H. In this situation 

Ex4(G, H) = Hon V (G, H). 



MODELS OF Z/p 2 Z 



7 



Now if i-> Ext (G,H) is a left exact functor from the category of fppf-sheaves of G-modules on 
S to that of abelian groups. Let Ext* (G, H) denote the left derived functor of H i— > Ext°j(G, H). 
It is known that Extg (G,H) is isomorphic to the group of equivalence classes of extensions of G 
by H (see 0J III 6.2]). 

Recall that an extension of G by H is by definition an exact sequence of fppf-sheaves of groups 

— >H -^E-UG — ► 0, 

such that i(J(g)h) — gi(h)g for any local sections h of H and g of E. 

Consider two extensions (E) : — ► # E G — > and (F) : — > H ^ F 
G — > 0. They are equivalent if there exists a morphism of group schemes / : E — ► F which 
makes the following diagram 

(E) : ^H—^E^-^G ^0 

/ 

(F) : ^H^—^F^-^G ^0 

commute. Clearly such an / is an isomorphism of group schemes. If G and H are flat afflne 
groups over S, then it is the same for E. 

We now recall the definitions of pushforward and pull-back of extensions. Let G and H be as 
above and tp : G' — ► G a morphism of group-schemes. Then ip induces a morphism 

ip* : Ext|(G,F) — ► Ext^(G',H). 
It is explicitly given as follows. Let 

(E):0 — > H E -Ug — > 
be an extension of G by H. Then v 3 *!-^] ls defined by the diagram 

tp*[E] : ^H—^E'^-^G' ^0 

f 

(E) : ^H^-^E'^-^G >-0 

where the right square is cartesian. 

Now consider a group scheme H' together with a G-action. If ip : H — ► H 1 is a morphism 
which preserves the G-action then it induces a morphism 

ip* : Ex4 (£?,#) — > Exts(G,H'), 

which we can explicitly describe as follows. Let 

(E):0 — > H E -Ug — > 
be an extension of G by H. Then ip*[E] is defined by the diagram 

(E) : — l -^E— U-G ^0 

ip4E] : ^H'—^E'^-^G ^0 

where the left square is cocartesian. 

Next we recall the Hochschild cohomology. Let G be a presheaf of groups on Sch\s and F 
a presheaf of G-modules on Sch\ s . We define a complex {C n (G, F), S n } as follows: C n (G,F) 
denotes the set of morphisms of schemes from G™ to H and the boundary map 

5 n : C n {G,F) — ► G n+1 (G,F) 
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is defined by 

(S n f)(go,gi, ■■■,g n )= gof(gi, ■ ■ -,g n ) + 

71-1 

+ H (- 1 ) i+1 /(5o, 9i, ■ ■ ■ , 9i9i+i, 9n) + (-l) n+2 /(so, gi, • . . , g n -i)- 

i=Q 

Put 

Z n (G, F) = ker(S n : C n (G,F) — C™ +1 (G, F)), 
B n (G,F) = Im(5 n - 1 : C n ~ l {G,F) — ► C"(G,f)), 

and 

H£{G,F) = Z n (F,G)/B n (G,F). 
For our purposes we are interested in the second group of cohomology. The following result is 
indeed well known. 

Proposition 4.2. Lei G and H be group schemes over S. Given an action of G on H then 
Hq(G,H) is isomorphic to the group of equivalence classes of extensions of G by H which have 
a scheme-theoretic section. 

Proof. @]. □ 

4.2. Sekiguchi-Suwa Theory. Here is a very partial review of results of [16], [18] and [22]. Let 
H, A 6 ttR \ {0}. For any A' € R \ {0} set SV = Spec(R/X'R), What we call Sekiguchi-Suwa 
theory is their description of Hom sr , G m |5 A ) and Eixt 1 (Q^,G^) through Witt vectors. 

Let Y = Spec(i?[Ti, . . . , T m ]/(Fi, . . . , F n )) be an affine i?-scheme of finite type. We recall that, 
for any i?-scheme X we have that Koms c h(X, Y) is in bijective correspondence with the set 

{( ai , ...,a m )e H°{Y, CV) m |Fi(ai, . . . , a m ) = 0, . . . , F n {a u ...,a m ) = 0}. 

With an abuse of notation we will identify these two sets. If X and Y are i?-group schemes we 
will also identify Hom 9r (X, Y) with a subset of 

{(a u ...,a m )e H°(Y, Oy) m |F 1 (a 1 , . . . , a m ) = 0, . . . , F n {a u ...,a m ) = 0}. 

We now fix presentations for the group schemes G m and with A e nR. Indeed we write 
G m = Spec(i?[5, 1/5]) and G w = Spec(i?[S', 1/1 + AS]). We remark again that throughout the 
paper will be a conflict of notation since S will denote both Spec(i?) and an indeterminate. But 
it should not cause any problem. Before illustrating the Sekiguchi-Suwa theory we see what 
happens when fx £ R* . In this case Q^ p ' ~ G m , and we have the following well known lemma. 

Lemma 4.3. For any A e ttR we have 

Hom gr (G m 1 5 A , G m 1 5 A ) = {S l € R[S,l/S]\i e Z}. 
In particular if v(Xi) > v(\2) > 0, the restriction map 

Hom gr (G m |5 Ai ,G m |5 Ai ) — > Hom gr (G m |5 A2 , G m |5 A J 

is an isomorphism. 

Moreover for the extensions group we have 
Proposition 4.4. For any A S ttR \ {0}, any S-action of G m on is trivial. Moreover 

Ext 1 (G m , Q^) = 

Proof. See [H I 1.6, II 1.4]. □ 
We also want to recall what happens to the extensions group when A £ R", i.e. ~ G m . 
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Proposition 4.5. For any fj, £ R \ {0}, any action of Q^> on G m is trivial. Moreover 

Ext 1 (^ ) ,G m )=Q. 

Proo/. See [H I 1.5, I 2.7] □ 

We now consider the case X £ nR\ {0}. Any action of on (A) is trivial (QH I 1.6]). 
For any flat i?-scheme X let us consider the exact sequence on the fppf site Xfi 

(3) — > £( A > G m — > i*G m ,x A — > 0, 

where i denotes the closed immersion X\ — X <8>_r (Rj XR)^X (see |20[ 1.2]). We observe that 
by definitions we have that 

Hom 9r (sfg,G m | S J ={F(S) £ (R/\R[S, Y -^]y\F(S)F(T) = F(S + T + nST)} 

If we apply the functor Hom(-,G m ) to the sequence ([3]) we obtain, in particular, a map 

Hom 3r (£g,G m|s J JL> Ext 1 ^, S (A) ). 

given by 
where 

£(M,A;F) 

is a smooth affine commutative group defined as follows: let F(S) £ R[S] be a lifting of F(S), 
then 

(1) law of multiplication 

51 i — >Si ® 1 + 1 <g> Si + /xS x (g) St 

5 2 ^S 2 ® + F(Si) g) S 2 + AS 2 <g> S 2 + 

#(5i) ® F(Si) - F(Si 8) 1 + 1 ® Si + ^Si ® Si) 



(2) unit 



(3) inverse 



Si 



S-2 



X 

Si — > 

1 - F(0) 
S 2 ^^^ 

Si 
l + /xSi 
I p( ^— ' 

F(S 1 )+\S 2 v l+/iSi- 



A 

We moreover define the following homomorphisms of group schemes 

G w = S P ec(i?[S, (1 + AS)" 1 ]) — > £^ F ) 

by 

Si i — ► 

A 
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and 

£(M,A;F) _^ gM = Spec ( fi [ Si _L_]) 

1 + fib 

by 

b — ► Si. 

It is easy to see that 

(4) o — ► g {x) — > e^- MF) — ► — > o 

is exact. A different choice of the lifting F(S) gives an isomorphic extension. We recall the 
following theorem. 

Theorem 4.6. For any A, fi € 7ri? \ {0}, the map 

a : Hom 3r (g | ( g,G„ l | SA )^Ext 1 (^),a (A) ) 

is a surjective morphism of groups. And ker(a) is generated by the class of 1 + fib. In particular 
any extension of by is commutative. 

Proof. [17, §3]. □ 

We now define some spaces which had been used by Sekiguchi and Suwa to describe Hom gr (J3$ , G OT 
and, by the above result, Ext 1 (G Alj i, Ga,i)- See [22] for details. 

Definition 4.7. For any ring A, let W n (^4) be the ring of Witt vectors of length n and W(A) 
the ring of infinite Witt vectors. We define 



W n (A) — | (do, . . . , a n ) G W n (A)\ai is nilpotent for any i and 

a,i — for all but a finite number of i 

and 

VF(j4) = |(a , . . . , a n , . . . ) G W(A)\a,i is nilpotent for any i and 

at = for all but a finite number of 

We recall the definition of the so-called Witt-polynomial: for any r > it is 
$ r (T 0) ...,T r ) = if + pTf" + ■■■+ p r T r . 
Then the following maps are defined: 

- Verschiebung 

V : W n (A) — » W n+ i(A) 
(a , ...,a n ) i — > (0, oo, ■ • • , On) 

- Generalization of Frobenius 

F : W n+ i(A) — > W n {A) 

(oo, ■ • ■ , a n ) .— > (F (T), Fi (T) , . . . , F„(T)) 

where the polynomials F r (T) = F r (T , . . . , T r ) 6 Q[T , . . . , T r+ i] are defined inductively 
by 

$ r (F (T), Fi(T), . . . , F r (T)) = $ r+1 (T , . . . , T r+1 ). 
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If p = G A then F is the usual Frobenius. The subring VF(j4) is stable respect to these maps. 

For any morphism G : W(A) — ► W(A) we will set W(A) G := kerG. And for any a G A we 
denote the element (a, 0, 0, . . . , 0, . . . ) G W(A) by [a]. 

We recall the following standard result about Witt vectors. 

Lemma 4.8. Let S r [T,U] G Z[T,U] such that, if a, be W{A), then 

a + b= (S [a, b], . . .,S r [a, b},. ..) 
IfTi and Ui have weight p % then S r [F, U] is isobaric of weight p r . 

The following lemma will be useful later. 
Lemma 4.9. Lei A G R. If a= (a , oi, . . . ), 6 = (& , &i, • • •) G M?(i?/Ai?) F iftera 

a+ b = (ao + &o,ai + &i, . . . ,Oj + &i, . . .) 

Proof. We suppose that a+ 6 = (co, ci, . . . , Cj, . . . ). By the previous lemma we have that c r (a, b) 
is isobaric of weight p r . It is a standard result that 

c r (a, b) = a r + b r + c' r ((a , oi, . . . , a r _i), (&o, &i, • • • , &r-i))< 

for some polynomial c^So, . . . , SV-i, Jo, ... , T r _i). Clearly c£.(a, 6) is isobaric of weight p r , too. 
Hence deg(c' r ) > p. 

Let di,bi £ R be liftings of di and 6j, respectively. For any r > 1, up to changing a with 6, 
we can suppose that v(dk) = min{i;(aj), v(bi)\i = 0, . . . , r — 1}, for some < fc < r — 1. Since 
degc^, > p then u(c£(a, 6)) > pv(a,k). But f(a^) > v(X) since F(a) = 0. Hence c' r (a, b) = G 
E/Afl. So 

o + 6 = (oq + 6o, ai + 6i, . . . , a< + 6j, . . .) 

□ 

We now recall the definition of the Artin-Hasse exponential series 

E p (T) := exp ^Pl = ft ex P (^) e Z (p)^- 

Sekiguchi and Suwa introduced a deformation of the Artin-Hasse exponential map in [22] . By the 
well known formula lim M ^o(l + ~ l = cxp(aa;), it can be seen that (l+jj,x) ^ is a deformation of 
exp(ax). From this point of view they defined the formal power series E P (U, A; T) G Q[Z7, A] [[T]] 

by 

00 r r-1 

E p (U,A;T):=(l + AT)% + A^T^MW -<£)' ) 

r=l 

They proved that E p (U, A;T) has in fact its coefficients in Z^Jt/, A]. It is possible to show ( |22[ 
2.4]) that 



E P (U,A;T) 



U^iMU^T*)^—, ifp>2; 



Y\U,2) = 1 E ^ UK 



n -1 

i-Xr 



n ( i, 2 )=i^(^A 2i - i r 2i )- 



if p = 2. 



Let A be a Z( p )-algebra and a,/ie A We define E p (a,p;T) as E p (U,A;T) evaluated at J7 = a 
and A = //. 



Example 4.10. It is easy to see that E p (a, 0; T) = E p (aT) and E p (n, /i; T) = 1 + /iT. Moreover 
if a p = /^- x a G A then (^)^ - {ff~ X = for r > 1. Hence 

£? p (a, m t) = (i + „T)* = i + £ nri(«-M T ^ 
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In particular if p, = and a p = G A then 



i=Q 



If a= (ao, flti, tt2, • • • ) € W(A) we define the formal power series 

oo 

(5) E p (a, t i;T) = l[E p (a k ,fi pk ;TP k ). 



k=0 

The following result gives an explicit description of Honig f j^m\A) • 
Theorem 4.11. Let A be a X^y algebra and ji G A a nilpotent element. The homomorphism 

& : W(Af~^ — Rom gr (g^,G m{A ) 
a i — > E p (a, /i; 5) 

is bijective. 

Proof. [221 2.19.1]. □ 

And 14.61 and 14. 1 ll give the following: 
Corollary 4.12. For any A, fx € 7ri? \ {0} ifte map 

"°£fl/Afl ■W(R/)Jtf-^'~^/< 1 + M^> — »Ext 1 (gW,G m ) 

is an isomorphism. 

We now describe some natural maps through these identifications. Consider the isogeny 

Let us now suppose that p > 2. Then we have that, if p 2 = mod A, 

: Honv^^G^sJ — Hom^^fg, G m , s J 

is given by 

(6) [^]a+7(a) 



(see [221 1.4.1 and 3.8]). 

For p = 2 the situation is slightly different. Let us define a variant of the Verschiebung as 
follows. Define polynomials 

V r (T) = V r (T ,...,T r )eQ[T ,...,T r ] 

inductively by Vq = and 

* r (Vo(T), . . . , K(T)) = pP's^To, . . . , r r _ x ) 
for r > 1. Then we have that (with possibly 2 2 ^ mod A) 



is given by 



(see [221 3.8]). 



a^[-]a+V(a) + V{a) 
A* 
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For simplicity, to avoid to use this description of ip* 1; we will consider sometimes only the 
case p > 2. 

Consider the morphism 

P : Hon Vr(^' G ™|S A ) > Hom gr(^p,G m |s AP ) 

' ' ' F(S) i— ► F(S*) P 

This morphism is such that 

"0a,i* ° a = a op- 
Let ae (W(R/XR)) F -^"~ 1] , Take any lifting a € Using the identifications ofHUHthe 
morphism p above is given by 

(8) a i — ► pa 

(see [IS 4.6]). We will sometimes simply write pa. 

4.3. Two exact sequences. The main tools which we will use to calculate the extensions of 
G\,i by G^x are two exact sequences. We recall them in this subsection. See |(9|) and (fT2|) below. 
First of all we prove that any action of G p ,i on Ga.i is trivial. 

Lemma 4.13. Let ip : G — ► H be an S -morphism of affine S-groups. Assume that G is flat 
over S . Then if = if and only if the generic fiber tp K = 0. 

Proof. [H 1.1]. □ 
Lemma 4.14. Every action o/G Mi i on Ga,i is trivial. 

Proof. Giving an action of G\,i on G M) i is the same as giving a morphism G^i — ► Autji(G\.i). 
If we consider the generic fiber we have a morphism 

Vp,k — ► Aut K (fj. P:K ). 

The last one is the etale group scheme (Z/pZ)* K . It is a group scheme of order p — 1. So any 
morphism u p ,k — ► AutK{Hp,K) is trivial. Applying 14. 131 we have the thesis. □ 

In the following, all the actions will be supposed trivial. Applying now the functor Ext to the 
following exact sequence of group schemes 

(A) : — > G Ail -U ^ g(A') _ 0, 

we obtain 



(9) 

— ExtHG^r^W) ^ Ext^G,,!,^)) 



0— »Hom 9r (G^i,^) -^Ext^G^.Gx,!) 

We remark that 5' is injective since 

^ :Hom 9r (G (t , 1 ,gW) ^ Hom sr (G M ,^^) 
is the zero morphism. Indeed since G is flat over i?, then by 14. 13} 

Hom gr (G A1 ,i,^ (A) ) Hom ffT .(/ip >R r,G TOK ) ^ Z/pZ. 
And it is easy to verify that 

do) Hom 9r (G„ 1) ^) ) ={ w 

Let us write = Spec(fl[S]/( (1+; f p )P ' 1 )). If A | u the group is formed by the morphisms 
given by a t : S * — ► (i+mS)'-i with i e Z/pZ. The map (V>a,i)* : Hom sr (G M ,i, £ (A) ) — > 
Hom sr (G M ,i, is moreover nothing else but the multiplication by p. So it is clearly zero. 
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The map 

(11) 5' : Hon V (G Mil ,a (AP) ) — > Ext 1 ^,!, G A)1 ) 

is defined by 

Ox ' > (^)*( A ): 

where (<7j)*(A) is explicitly 

S pec( fl[Sl , Sa ]/( ( 1+ ^''- 1 , ' 1+ ^ A ;' 1+ '' s -'' ), 

with the maps 

^A,i — * o*(A) 
S x — >0 
S2 1 — > >S 

and 

Oi(&) — ► 
5 1 — >Si 

The structure of group scheme on of (A) is the unique one which makes the map 

a*(A) — > Mp2 = Spec( J R[Z 1 , Z 2 ]/(Zf - 1, Z 2 P - Z*)) 

Zi 1 — > 1 + fiSi 

Z 2 ^l + xs 2 

a morphism of group schemes. 

As remarked in [18t 4.4], there is the following long exact sequence 

— ► Hom sr (G A1 ,i,^ (V) ) — * Hom 9r (Gu,i,G m ) Hom ffr (G Al ,i l<? ,G m]s ) -^-> 

(12) 

— > Ext^G^i, <?( A ')) — ^ Ext 1 (G Ali i, G m ) — > Ext 1 (G /J) X| Sv ,G m |5 v ). 

We so have 

(13) kera^ ~ ImS ~ Hom sr (G At ,i| g ^,G m |s^)/rA'(Hom gr (G A() i,G m )). 

We remark that by ifTO]) , setting A' = 1 , it follows that 

Hom ffr (G /J) i,G m ) ~ Z/pZ 

and the group is formed by the morphisms S 1 — ► (1 + fiS) 1 . While, by ((TO]) , Hom gr (G AIi i, Q^ x >) ~ 
Z/pZ if A'|/i and it is otherwise. Hence, by ((12)1 . if X'\fi then r A ' is the zero morphism, otherwise 
r\> is an isomorphism. Hence, by (fl"3|) . 



(14) kera*' ~ Hom gr (G AIi i |Sv , G m | Sv )/ < 1 + fxS > . 

In the following we give a more explicit description of the main ingredients of the exact se- 
quences (J9j and lff2|) . 



4.4. Explicit description of Hom sr (G jUi i, SA , G TO |g x ). First we consider the simplest cases. If 
A S tcR, 

(15) Hom gr ( Mp|SA ,G m | 5A ) = {S l e (R/XR)[S, l/S]\i € Z/pZ}. 

While if A G i?* we have S\ — and Hom 9r (G At ,i,^, G m |s x ) = {1}. 
Now we study Hom gr (G M ,i | Sa , G m |5 A ) for //, A S 7ri?\{0}. 
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Proposition 4.15. Let A, /i <E irR \ {0}. The map 

i* : Hom gr (^| ( ^,(G m |s A ) — ► Horn gr (G ft i| Sx , G m | Sx ) 

induced by 

is surjective. If p > 2, QL^, defined in \4-ll[ induces an isomorphism 

W(R/XR) F -[^"1 /| [-£-] b+V(b)\be W(R/\R) F ^ P(P | — > Hom gr (G„, 1|Sa , G„ MSa 
Proof. We have by definitions that 

Hom gr (G M , 1|SA ,G m | S J = {F(S) e (i?/Afl[S]/( (1 + ^ — )) | 

F(S)F(T) =F(S + T + fiST)} 

and 

Honv(Sg,G m | S J = {F(S) e^R/XR[S, 

F(S)F(T) = F{S + T + uST)}. 

Since (G p ,i)fc is isomorphic to a p or Z/pZ then the group Hom gr .((G Mj i)fc, G m _ k ) is trivial. So 

F(5) = 1 mod tt, Moreover any F(S) E (i?/Ai?)[S*]/(^±i^— i ) such that F(S) = 1 mod tt 

is invertible. The same is true in Hom sr (^( M '| SA ,G m |5 A ) since ~ G a . We now say that F 
satisfies condition (jj) if 

F(S) = 1 mod tt; 

F(S)F(T) =F(S + T + fj,ST). 

Then 

Hom flr (G M , 1|Sx ,G m | S J = e R/XR[S}/{ (1 + ^ ~ 1 ) \F(S) satifies (ft)} 

and 

Hom 9r (gg,G ra | S J = {F(S) e R/XR[S,^-j^]\F{S) satifies (J)}. 

Any F E i?/AF[5*]/( -1 ) can be represented by a polynomial of degree p — 1. And if it 
satisfies (tt), it also satisfies (jj) in R/XR[S, 1+ g ]. 
So 

i* : Hom gr (^ ( ^,G m |5 A ) — > Hom gr (G M ,i | 5a , G m | S J 

is surjective. 

Now, by the exact sequence 

(A') — » G M ,i gv> £^ p > — » 

over Sa , we have the long exact sequence of cohomology 

— ► Hom gr (C/ | ( ^ A ) ,G m |s A ) Hom gr (5|5 A ,G m |s A ) -^-> 



Hom gr (G M , 1 1 Sa , G m | Sa ) Ext 1 ) , G m , Sx ) 



By 14.111 we have that 

5 A ! | 

and, by ([6]), 



Hom gr (a ( ^,G m | Sx ) ~ ^(i?/Ai?) F "^ 



< ll (Bom ffr (^' ) s G m | S J) ^ V(fc)|6 e t?(i?/Ai?) F K<P ^ 
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Therefore the proposition is proved. □ 

We now give a more explicit description of Hom gr (G M ,i , G m |5 A ). 
Proposition 4.16. If A, jj, G R with v(p) > (p — l)v{jj) > and v{p) > v(X), then 



Hom gr (G M , 1|SA ,G m | SA ) = {E p (a,v; S) = i + ^IImL^S' 



s.t. a G R/XR and aP = (i p ~ l a £ R/XR} 

Remark 4.17. In [TBI 3.5], an inductive formula for the coefficients of the polynomials F(T) G 
Hom(t/^^|5 A , G m |5 A ) is given. If we consider only polynomials of degree less or equal to p— 1, it 
coincides with (fTHJ) . But for the reader's convenience, we prefer to give here a direct proof of this 
formula. 

Remark 4.18. If > v(X) then 

Hom gr (G M , 1|SA ,<G m | SA ) = {]T ^-ZV = 0} = {£ P (aT)K = 0} 

i=0 



Proof. As seen in 14.151 

p— l 

Honi sr (G M , 1|Sx ,G m|s J = {F(S) = J>S l G^/Ai?[5]/( (1 + ^ = - ) 

j=0 ^ 
s.t. ee 1 mod 7T and F(S)F(T) = F(S + T + (J.ST)}. 

Now 

p-i 

F(S + T + uST) = J2^(S + T + fiSTf 



i=0 

p-1 j j 



(i6) =EEEG g^^T- 

i=0 j=0 fe=0 V/ \ / 



-e£ e f 2i _; +1) )( 2i - i i r r , > r+ '-'«^ 



r=0 Z=0 max(r,!}<i<r+I 

and 

p— l p—i 

(17) F(S)F(T)=^^a r a^T< 

r=0 2=0 

So we have the equality if and only if 



i 



arai = E \ 2 i-(r + l))[ i-l " a< 

, N max(r,l)<i<r+I \ \ U \ / 

(18) 

V - u r+l ~ l a- 

^ (r + l — - - r)\ 

for any < r, Z < p — 1. Clearly ao = 1. 
We now have the following lemma: 

Lemma 4.19. For any /j,, X G irR \ {0} ; the following statements are equivalent 

i) a r = n^=n(°i- fc M) f or any 1 <r <p-l and Ylk=x>(ai ~ M = 0; 



ii) a r _iai = (r — l)/xa r _i + ra r /or ant/ 1 < r < p — 1; 

i! 

;max{r,(}<Kr+i ( r+ ;_j)!(j_i)!(j_ r ) 



1) a r ai = Emax{r,l)<.< r+ I (r+l-^l)\(i-r)\ *°< / 0f <Miy 1 < /, T < J> - 1. 
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Proof. In the following we use the convention that <2j = 0if£>p — 1. 
i) ii). It is clear that 

a r -\ai = (r — l)/ia r _i + ra r 

is equivalent to a r = a r _i gl ~^( r ~ 1 ) ; ]£ r < p, and a p _i(ai — fi(p — 1)) = 0. An easy induction 
shows that this is equivalent to 



nLo( a i - M 



if r < p — 1 and 



p-i 

JJ(ai -kn) = 0. 

m) ■<= ni). It is obvious. 

m) => ra). We will prove it by induction on I. By hypothesis a r _i<ii = (r — l)//a r _i + ra r for 
any r. We now suppose that Hi) is true for k < I — 1 for any r. Then we will prove it is also 
true for I for any r. We can clearly suppose I < r, otherwise, up to a change of I with r, we can 
conclude by induction. We have 

a) ai-,u(/-l). 
a r ai = a r (a ; _i j 

a x -/i(/-l) 
= (a r ai-i) 

induct. ( >p i! r+i-i-l A a i _ _ 1) 

I ^ (r + Z — i — 1)!(* — Z — — r)!^ a * 

induct. x ^ ^! r+i— i— 1 

^ (r + Z-i-lWi-Z-lWi-r)!^ 
fi(i - I + l)aj + (i + l)a i+ i . 

r! * 

r /x'(r + 1 - l)a r + 



H(r + l-i)! 



E 



r+l<»<r+Z-l 



(r + Z - - Z)!(i - r - !) !? 



+ +< A (r + l- l)!(r + Q 
A 1 a* H 1771 a »-+i 



(r + / — — ' + — r )" / rm 



(r + 1 - i)l(i - l)l(i - r)\ 

r<i<r+l y 1 V 1 y ' 



□ 



We come back to the proof of the proposition. In R/XR the condition 

P -i 

Y[ (ai - M = o 

is equivalent to = /U p ai. Indeed we have the following equality in Z/pZ[5] 

p-i 

JJ (5 - k) = S p - S, 

since these polynomials have the same zeros. Since p — € R/XR, then 

p-i 

| J (ai — fe/i) ~ a\ — /i p_1 ai. 
By the lemma and 14.101 the thesis follows. □ 
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We now essentially rewrite 14. 191 in a more expressive form. 

Corollary 4.20. Let A,/i G irR \ {0} and let F(S) — 5^=0 ai ^ 1 ^ R/XR[S] be a polynomial of 
degree less than or equal to p — 1. Then the following statements are equivalent 

(i) F(S)F(T) -a% = F(S + T + fiST) - a a 

(ii) F(S)ai = F'(S)(1 + fiS) where F' is the formal derivative of F. 

Remark 4.21. Let us suppose > u(A). This corollary, together with 14.161 savs that the 

solution of the differential equation in R/XR[S]/( ~ 1 ) 

F'(S) = aF(S), 
F(Q) = 1 

has as unique solution F(S) — E p (aS) — X)f=o If^ 1 an d aP — 0< 

Proof. By (fl8l) . we have that l4.19T iii) is equivalent to 

(19) F(S)F(T)-a% = F(S + T + nST)-a . 

If we put I — 1 in f(T8|) , we obtain the coefficient of T in both members of (flU)) . This means that 
I4.19f ii) is equivalent to 

F(S) ai =F'(S)(l + fxS). 
Then their equivalence comes from 14.191 

□ 

When v(n) > u(A), putting together l4.15l and l4,16[ we have a simpler description of Hom ffr (G Mi i| S ^, G m 

Corollary 4.22. Let p > 2. Let X, fi £ R with v(p) > (p — l)v(ji) > and > v(X) > 0. 
Tnen we have the following isomorphism of groups 

(€r/\r)p '■ (R/^R) F — ► Hom gr (G jU ,i| Sx ,G TO | gx ) 

given by 

a i — > E p (aS). 

Moreover the restriction map 

i* : Hom gr (^,(G m | SA ) ~ W(R/XR) F — » Hom sr (G M , 1|Sx , G m , s J ~ (i?/Ai?) F 
is given, in terms of Witt vectors, by 

oo 

a=(a 0) ai,..., 0,0,0,...) h_> VY-l)^*-)** 

Proof. We first remark that the restriction of the Teichmiiller map 

T : (R/XR) F — ► W(R/XR) F , 

given by 

a i — ► [o], 

is a morphism of groups. This follows from 14.91 Moreover, if we consider the isomorphism 

&/XR ■■ W(R/XR) F — > Hon V (<?g,G m | S J 

and 

we have 

So (£, r / X r)p 1S a morphism of groups. It is surjective by 14. 161 and, bv I4.15( its kernel is 
T((R/XR) F ) n [[JL-]b + V(b)\b e W(R/XR) F 
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Let us now suppose that there exists b = (bo, b\, ... ) € W(R/XR) and a G (R/XR) F such that 
[^rr]6+ = [a]. It follows by the definition of Witt vector ring that 

(20) [-^]6=(^o,.. J (^ T F i ^...) ) 
and 

(21) [a] -V(b) = (a , -b , ). 

Since b G VF^ii/Ai?), there exists r > such that 6j = for any j > r. Moreover, comparing 
([20]) and {H]) it follows 

(^zrfb^^-bj for j>0 



P 



a. 



Hence 6j ■ = a = for any j > 0. It follows that (£r/ X r)p ls injective. 

We now prove the second part of the statement. First of all we remark that for any a = 
(ao, . . . , cij, . . . ) G W(R/XR) F we have 

oo 

a = J2v j ([aj}). 

3=0 

It is clear that for any a 6 R/XR we have ?*([a]) = a. While, by 14.151 it follows that i*V(b) — 
-i*([j^=r]b) for any b G W(R/XR) F . Hence i*V j {b) = (-l) j i*([(j^-ry]b) for any j > 1. From 
these facts it follows that 



>(a)=i*C£vi([a j })) 



3=0 



□ 



E( r ^'(K-]))) 

3=0 

OO 

3=0 P 



4.5. Explicit description of S. The map 

5 : Honv(G M|SA ,G m | SA ) — » Ebct^G^.i, £ (A) ) 
can also be explicitly described. We have the following commutative diagram 

Hom sr (e?g,G m | S J ^ Hon V (G p a |SA , G m | Sa ) ^ 



Ext 1 ^),^)) - -Ebct^i.gW) 

where the first horizontal map is surjective by 14.151 So, given 

F(5) G Homg^G^i^ ,G 

we can choose a representant in Hom 9r {Q\sl , G m |g A ) which we denote again by F(S) for simplicity. 
Then 5 is defined by 

F(S) i— ► ^' A ' F ) := ( ^ A:F) ) = ^(^(^(S))). 
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If F(S) G R[S] is any lifting then it is defined, as a scheme, by 

= Spec (R{S 1 ,S 2 , (F(S 1 ) + A^)' 1 ]/ (1 + ^ - ). 

This extension does not depend on the choice of the lifting since the same is true for S^ ,X ' ,F \ 

So, by (fT2|. we see that ker(o£) C Ext 1 (G ft i, Q^) is nothing else but the group {£^- x ^}. 
We recall that, by <(T3j) , for any A' G R, 

ker a x ~ Hom gr (G^i | S , G m | Sa , )/Va< (Hom ffr (G^i, G m )). 

We have therefore proved the following proposition. 

Proposition 4.23. Let A, /i G R \ {0} wi£/i v(p) > (p — l)v(/i). TTien 5 induces an isomorphism 
Hom sr (G Mil|Sx ,G m | S J/rv(Hom sr (G M , 1) G m )) — » {f^.^} 

F(S) i— » gO*^*") 

Remark 4.24. As remarked in t j4.3[ if A' | fi then 

r A '(Hom gr (G A1: i,G„ l )) = 0, 

otherwise 

rA'(Hom flr (Gp I i > G tn )) ^< 1 + fxS >~ Z/pZ. 

Example 4.25. a) Let us suppose ?;(//) = and u(A) > 0. Since, by (fT5|l and the previous 
remark, 

Hom ffr (^p| S ^,G m |5 A ) ~ r A (Hom gr (G Ali i,G m )) ~ Z/pZ 
then {£(m,A;F)t. = q 
b) Let us suppose v(X) = 0. Since S x = 0, then {£^ F )} = 0. 

4.6. Interpretation of Ext 1 (G Mi i, G m ). First of all, we briefly recall a useful spectral sequence . 
Let £xt l {G 1 H) denote the fppf-sheaf on Sch/g, associated to the presheaf X i — ► Ext* (G Xs X, Hxt 
Then we have a spectral sequence 

E\ 3 = H' l (S,£xt:>(G,H)) =► Ext 4+3 (G, H), 

which in low degrees gives 

— > H l {S,£xt°{G,H)) — ► Ext 1 (G, H) — ► H°(S, £xt 1 (G, H)) — ► 

{2 ^ } — ► H 2 {S,£xt°(G,H)) — > Ext 2 (G,#). 

All the groups of cohomology are calculated in the fppf topology. Moreover H 1 (S, £xt°(G, H)) 
is isomorphic to the subgroup of Ext 1 (G,_ff) formed by the extensions E which split over some 
faithfully flat affme S-scheme of finite type (cf. [H III 6.3.6]). We suppose that G acts trivially 
on H, then £xt°(G 7 H) = Hom gr (G, H). We will consider the case H — G m and G a finite flat 
group scheme. In this case, £xt°(G,G m ) is by definition the Cartier dual of G, denoted by G v . 
We recall the following result which will play a role in the description of extensions of G Mi i by 
G A ,i (see gJi below). 

Theorem 4.26. Let G be a commutative finite flat group scheme over S. Then the canonical 
map 

H\S,G V ) — >Ext 1 (G,G TO ) 

is bijective. 

Proof. This is a Theorem of S.U. Chase. For a proof see [25]. We stress that he proves 
£xt 1 (G,G m ) — 0, then he applies (|22"1) . We remark that he proves everything in the fpqc site. 
However the same proof works in the fppf site. □ 
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We apply this result to G = Ga,i- We have that the map 

ff 1 (5,GX 1 )^Ext 1 (G A)1 ,G m ) 
is an isomorphism. Moreover the following is true. 

Proposition 4.27. Let X be a normal integral scheme. For any finite and flat commutative 
group scheme G over X , 

i* : H\X, G) — » H\Spec(K(X)), G\ K{X) ) 
is infective, where i : Spec(K (X)) — > X is the generic point. 

Proof. A sketch of the proof has been suggested to us by F. Andreatta. We recall that for 
any commutative group scheme G' over a scheme X' we have that H 1 (X',G') is a group and 
it classifies the G'-torsors over X'. Suppose there exists a G-torsor / : Y — > X such that 
i* f : i*Y — > Spec (if (X)) is trivial. This means there exists a section s of i*f. We consider the 
scheme Yq which is the closure of s(Spec(K(X))) in Y. Then /iy : Yq — > A is a finite birational 
morphism with X a normal integral scheme. So, by Zariski's Main Theorem (|7j 4.4.6]), we have 
that f\y is an open immersion, and so it is an isomorphism. So we have a section of / and Y is 
a trivial G-torsor. □ 

Remark 4.28. The hypothesis G finite and X normal are necessary. For the first it is sufficient 
to observe that any G m -torsor is trivial on Spec(if(A)). For the second one, consider X — 
Spec(fc[x, y}/ (x p — y p+1 )) = Spec(j4), with k any field of characteristic p > 0, and Y the a p -torsor 
Spec(A[T]/(T p — yj). Generically this torsor is trivial since we have y = (|) p . But Y is not 
trivial since y is not a p-power in A. 

Corollary 4.29. Let X be a normal integral scheme. Let f : Y — > X be a morphism with a 
rational section and let g : G — ► Q a map of finite and flat commutative group schemes over X , 
which is an isomorphism over Spec(if (A)). Then 

rg*:H 1 (X 7 G)^H 1 (Y,G' Y ) 

is infective. 

Proof. By hypothesis Spec(AT(A)) — > A factorizes through / : Y — > A. If i : Spcc{K(X)) — > 
A, we have 

U iH\X,G) -^H\X,G') J^H l {Y,G' Y ) H\Spec(K(X)),G K(x) ). 
Therefore, by the previous proposition, it follows that 

H l (X, G) — > H X {Y,G' Y ) 
is injective. □ 

Remark 4.30. The previous corollary can be applied, for instance, to the case / = i&x or to the 
case / : U — ► A an open immersion and g = idg. Roberts ( [114 P- 692]) has proved the corollary 
in the case / = idx, with A = Spec(A) and A the integer ring of a local number field. 

By 14.261 and 14.271 we obtain the following result. 

Corollary 4.31. Let G be a commutative finite flat group scheme over S. The restriction map 

Ext x (G, G m ) — > Ext 1 (Grt, G m |K-) 

is injective. 
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Let us consider a commutative finite and flat group scheme G of order n. We also consider the 
n th power map n : G m — ► G m . It induces a morphism : Ext 1 (G, G m ) — > Ext (G, G m ), We 
have the following commutative diagram 

H\S, G v ) s-Ext x (G, G m ) 



H 1 ^, G v ) Ext 1 (G, G m ), 

where the horizontal maps are isomorphisms by 14.391 We remark that : H 1 (S,G W ) — > 
H 1 (S, G v ) is the zero morphism since the map n* : G v — ► G v , induced by n : G m — ► G m , is 
the zero morphism. This proves the following lemma. 

Lemma 4.32. Let G be a commutative finite and flat group scheme of order n. Then 

n« : Ext 1 (G, G m ) — > Ext 1 (G, G TO ) 

is the zero morphism. 

4.7. Description of Ext (G^i, Ga,i). We finally have all the ingredients to give a description 
of the group Ext 1 (G Mi i, Ga,i). In particular we will focus on the extensions which are isomorphic, 
as group schemes, to Z/p 2 Z on the generic fiber. 

First of all we remark that if = 1^2) and i>(Ai) = v(X 2 ) then 

Ext 1 (G Pli i, G\ u i) ~ Ext (G^i, Ga 2 ,i). 

Indeed we know, by hypothesis, that there exist two isomorphisms -01 : Ga^i — > Ga 2 ,i and ip2 '■ 
G P2 ,i — > G^.i. Then we have that 

(?Ai)* o (^2)* : Ext 1 (G Mli i, Ga^i) — > Ext 1 (G M2i i, Ga 2 ,i) 

is an isomorphism. 

We now recall what happens if v([i) = v(X) = 0. In this case we have the following result. 

Proposition 4.33. Let A be a d.v.r or a field. Then there exists an exact sequence 

— > Z/pZ — > Ext\(n P , Hp) — ► H 1 (Spec{A) 7 Z/pZ) — > 

Proof. The proposition is proved in [HI 3.7] when A a is d.v.r. The same proof works when A is 
afield. □ 

Let us define the extension of fx p by fj,p 

CP 

£ uA = Spec(A[Sx, S 2 ]/(S P 1 - 1, - !))• 

It is the kernel of the morphism (G m ) 2 — ► (G m ) 2 given by (Si^Sq) — > (.Sf , S^Sf ) Then the 
group Z/pZ in the above proposition is formed by the extensions £i t A- 

Definition 4.34. Let F G Hom(G M) i, s ^,G m | 1 g A ), j G Z/pZ such that 

F{Sf(l + ^ = 1 G Hom^^^G^). 

Let G be a lifting of F. We denote by £b*>* F <fi the sub group scheme of > given 

on the level of schemes by 

SO*** = Spec (r [Si , + ~ 1 , ^ + A52 ^ + ^ - X )) . 
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We moreover define the following homomorphisms of group schemes 

G x i — -> S^' X ' F '^ 



by 



and 
by 

It is easy to see that 



S i i — ► 
S 2 i— » 5 



1 - F(0) 



A 

S — > Si. 



— G A ,i — > f (M ' A;F) — G^i — > 
is exact. A different choice of the lifting F(S) gives an isomorphic extension. It is easy to see 
that {£^' X < F <i)) K ~ (Z/p 2 Z) K , as a group scheme, if j ^ and (£0" A i i? > )) if ~ (Z/pZ x Z/pZ) K . 

Remark 4.35. In the above definition the integer j is uniquely determined by F G Hom(G A1 ,i , G m 
if and only if X p \ [i. 



From the exact sequence over S\ 

o — > Gn i — $oo ^ 



we have that 



(23) ker ^i* : Hom sr (0^, G m |s A ) — * Hom gr (G M: i| SA ,G m |,g A )^ = Hom 5r (£| ( ^ G m |s A ) 

So let F(5) £ Hom(G Mi i | Sajj , G m |5 AP ). By 14.151 we can choose a representant of F(S) in 6 
Hom(Q(^ |5 AP , G m |5 AP ) which we denote again F(S) for simplicity. Therefore, by i[23|) . we have 
that + ^J-S)^^ = 1 G Hom(G p ,i| SAp , G rn |5 AP ) is equivalent to saying that there ex- 

ists G € Hom(g^ P )| SAP ,G m | SAP ) with the property that + jtiS)^ = G( (1+ ^ )P ~ 1 ) £ 

Hom(5' M '|5 AP ,G m |5 AP ). This implies that E^^FJ) can be seen as the kernel of the isogeny 

r^,X,F,G ■ ° c 

(l + ^l) p -l 



Si 

So 



where F, G € -R[T] are liftings of F and G. 

As remarked in 14. 18} if > v(X) we can suppose 

with a p = mod A. 



i=0 
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Example 4.36. This example has been the main motivation for our definition of the group 
schemes £(^ A ; F J). Let us define 

fe=i 

We remark that v(rf) = u(A( 2 )). We consider 

fc=i 

It has been shown in [22l §5] that, using our notation, 

A similar description of Z/p 2 Z was independently found by Green and Matignon ([!]). 



Example 4.37. It is easy to see that the group scheme Ga,2 is isomorphic to 

g(\ p ,\;l,l) 

Moreover if we have an extension of type S^^FJ) with F(S) = 1 then v(fx) > pv(X). Indeed we 
have that 

= spec (a [Si , s 2 y ( £ + ^! - 1 , g + ^1 f^Tl 

Since (1 + XS 2 ) P = l£ Hom sr (G M ,i| S ^ p , G m | S p) then 

(1 + AS 2 ) P (1 + fiSJ-J = 1 e Hom gT .(G Mil|Sxp) G m | SAP ) 

if and only if v([i) > pv(X). In particular we remark that, in such a case, v(X) < w(A( 2 )). 
Otherwise 

pv(X) > pv(X {2 )) = "(A(i)) > v(fi), 

which is not possible. 

Let us define, for any fx, X £ R with v(fx), v(X) < u(Am), the group 

rad p ^\{< 1 + fiS >) := / (-F(S'), j) £ Hom sr (G (tt) i| g ^, G m |5 A ) x Z/pZ such that 

F(Sy(l+fiS)- j = 1 G Hom(G M , 1|Sxp ,G HSxJ) )j/ < (l + /iS,0) > . 

We define 

/3 : rad pA (< 1 + fiS >) — » Ext 1 (G Mi i, G\,i) 

by 

(F(5),j) K-,g(^ s W) 
We remark that the image of is the set {£(v,*;F(S) 

Lemma 4.38. (3 is a morphism of groups. In particular the set {£(P,A!F(S),j)^ j s a subgroup of 
Ext 1 (G /i) i, Ga,i). 

Proof. Let i : G\,i — ► Q^' . We remark that 

u{P{F,j)) = u(£^ x ' F ^) = £^ x ^ = 5(F) 
for any (F,j) £ rad Pt \(< 1 + fiS >). Moreover by construction 

{S (^;F(S) tj ) )K = {£j)k g Ext 1 ^^,^^). 
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Let (F x , j x ), (F a> j 2 ) G ™d P:A (< 1 + >). Then 

(24) »,C8(Fi,ii) + /9(F 2 ,ia) - W + F 2 , j x + j 2 )) = <J(Fi) + 5(F 2 ) - 6(F 1 + F 2 ) - 
since 5 is a morphism of groups. And 

(25) (/3(F X , n) + 0(F 2 ,j 2 ) - /3(Fi + F 2 , j x + j 2 )) x = S juK + S h , K - £ jl+h ,K = 0, 
since L/pL ~ Ext 1 (// Pi if, ^ p ,k) through the map j t— * Sj.K- By ([2"4|) it follows that 

/?(Fi , ii ) + /3(F 2 , j 2 ) - 0{Fx + F 2 , j x + j 2 ) e ker 
and then, by ([9]) and (fTT|) ■ we have 

/3(Fi, ji) + (3(F 2 ,j 2 ) - (3(Fi + F 2 ,ji + j 2 ) = (a,)* A. 
for some j £ 'L/p'L. By f2~5|) it follows that 

((a,-)* A) K = S s , K = 0, 
therefore j = 0. So /3 is a morphism of groups. The last assertion is clear. 

We now give a description of Ext 1 (G Mi i, G A ,i). 
Theorem 4.39. Suppose that A,/i G i? with u(Am) > v(\),v((x). The following sequence 

0^rad p , x (< l + nS>) Ext^G^i^A,!)^* 

— > kcr (V(S, — ^(Sa, GXi) 
is exact. In particular (3 induces an isomorphism rad p \(< 1 + fiS >) ~ (^.A^j) j._ 

Proof. Using lfl2|) and 14.231 we consider the following commutative diagram 
(26) 



□ 







{£ 



(m,A;-F) 



} 



Ext 1 (Gu,i, 



Ext 1 ^,! 



{ gW,C)} Ext 1 ^,!, a (A?) ) -^->- Ext 1 (G M , 1 , G m ) Ext 1 (G M) i 



The map V^X, induced by ip x , K : Ext^G^i, £/W) — ► Ext 1 (G M: i, £? < - AP - ) ), is given by £^ A;F > i — > 
£{p-,>~ p \F p ) _ jsf OWj s i nce i s of order p then, p* : Ext (G^i, G m ) — > Ext 1 (G Mi i, G m ) is the zero 
map (see !4.32p . Moreover, by l(22|) and I4.26[ we have the following situation 

^H\S,Gl tl ) s- Ext 1 (G M) i, G m ) -0 



^H\S X ,G^) >Ext 1 (G M , 1|Sx ,G m | Sx ) 

which implies that Im(a A ) ~ ker^^S, G^ x ) — ► H l (Sx,G^ A )). 
So applying the snake lemma to (j26|) we obtain 

(27) 0^ker(<KO ker(^ A ,i J ker ^(5, G^x) — > ^(Sa.G^i) 

We now divide the proof in some steps. 



Connection between ker(^ A ,i J and rad p .\(< 1 + fiS >). We are going to give the connec- 



tion in the form of the isomorphism lj3lj) below. We recall that, by (J9j) , z : G A ,i — ► G^' induces 
an isomorphism 

(28) u : Ext^^G^V^HonvtG^i,^)) — ► ker(V> A ,iJ; 
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for the definition of 5' see ifTTj) . 
By 14,231 we have an isomorphism 

5 : Hom sr .(G AIj i| Si ,G m |5 A )/r A ,(Honv(G M ,G m )) — » {^• A ^)} 
Through this identification we can identify ker(V> A ,i ) with 



F(S) G Hom sr (G Mi i| SA ,G m |5j|3i G r AP (Hom gr (G M ,i, G m )) such that 

(29) k 

F(Sy (1 + pS)" 4 = 1 G Hom^^G^) j/ < 1 + M S > . 

Moreover 

(30) 5: ker(^rj ^ Ext 1 ^,!, G A ,i)/5'(Hom gr (G M ,i, 0^)) C Ext^G^x, S (A) ) 

is defined by 5(F) = 5(F) = 

We now define a morphism of groups 

l : ker(^A,i*) — > r AP (Hom gr (G Mi i, G m )) 

as follows: for any F(5) G ker('0 Aj i jt ), l(F) = if is the unique i G r AP (Hom gr (G Mi i, G m )) such 
that F(S) P (1 + /i5')~ J = 1 G Hom(G Mi i| S ^ p , G m |5 AP ). The morphism of groups 

(31) ker(V^O x Hom 9r (G ft i,5^») rad p , x {< 1 + ^ >) 

(F,j) .— > (F,^+j) 

is an isomorphism. We prove only the surjectivity since the injectivity is clear. Now, if A p { \i then 
Hom gr (G M ,i,a (AP) ) = and r AP (Hom ar (G M ,i,G ro )) = Z/pZ. So, if (F, j) G rad p , A (< 1 + [iS >), 
then j G r A p(Hom gr (G M ,i,G m )). So «> = j. Hence (F,0) h-> (F,i F ) = (F, j). While if A p | /x then 
Hom sr (G M) i, G^"^) = Z/pZ and r A p(Hom gr (G A1 ,i, G m )) = 0. Hence 

kerfcj = |f(5) G Hom gr (G Al4|SA ,G„ l | 5 J|F(5) p = 1 £ Hom^^G.^)}. 

Let us now take (F,j) G rad Pt \(< 1 + >). This means that 

F(Sy = (l+fiSy = 1 G Hom(G Al: i| S , Ap , G m |5 AP ). 

Therefore F(S) G ker(^J and z> = 0. So 

(F.j)— »(F,i F + i) = (F,j). 



Interpretation of /?. We now define the morphism of groups 

g : ker^O — > Ext^G^i, G Ajl ) 

Fi — >p(F,i F ) =£(^F,iF) 
We recall the definition of 5' given in (fTTjl : 

5' : Hom gr (G M , 1( a (AP) ) — > Ext 1 (G P: i, G A) i) 
is defined by 5'(<7j) = cr*(A). Then, under the isomorphism l|3"Tj) . we have 

13 = g + 5' : ker(^) x Hom gr (G M: i, t/' AP - ) ) — > Ext 1 (G AIi i, G A) i) 



Injectivity of (3. First of all we observe that S factors through g, i.e. 

(32) S = u o g : kev(^hXj Ext^G^r, G All ) ker(V> A ,iJ- 

Indeed 

o = O"^'*')) = £^ A < F ) = 5(F). 
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In particular, since 6 is injective, g is injective, too. 

We now prove that = g + 8' is injective, too. By (j28| . 

i*o5' = 0. 

Now, if (g + S')(F, cr,) = 0, then g(F) = -S'(a % ). So 

*(F) = i,( e (F)) = »*(-«'(<T i )) = 0. 
But 8 is injective, so F = 1. Hence S'(<Ji) = 0. But by ([9]), also 8' is injective. Then cr^ = 0. 



Calculation of Im(3. We finally prove Im{g + 8') = ker(a* o Since <5 = i* o g, oq o 8 = 



and o J' = then 

a* o i„ o + <5') = a£ o i„ o g + a* o (i* o 5') = a* o i„ o g = a* o 8 = 0. 
So Im(g+S') C ker(a*oi„). On the other hand, if £7 G Ext 1 (G Mi i, Ga,i) is such that a^oi^E) = 0, 
then, by pTjl. there exists F G ker(^A,i.) such that i*(J5) = 5(F) = u(g(F)). Hence, by (pH} , 
E-g(F) G Im(8'). Therefore Im(g + 8') = ker(a*oj*). Moreover since i» : Ext 1 (G Mi i, Ga,i) — > 
ker(^A,i >t ) is surjective then 7m(a») = Im(a* o i*). We have so proved, using also l(27j) . that the 
following sequence 

— » ker(^) x HonvCG^S^) ^ Ext 1 (G M: i, Ga,i) ^ 

— >ker(V(S, G^ ) — >H 1 (S A ,Gj; il ) 



□ 



is exact. Finally, by definitions, it follows that 

/3(rad p , A (< 1 + [iS >)) = 



Example 4.40. Let us suppose u(A) = 0. In such a case rad p ,\(< 1 + /iT >) = Z/pZ. Hence by 
the theorem we have 

— ► e Z/pZ} — > Ext 1 (G ft i,// p ) — ► H^S,^) — ► 0. 

Example 4.41. Let us now suppose = and u(A) > 0. In such a case 

Hom gr (p P | 5A ,G m |5 A ) =< 1 + > . 

Hence it is easy to see that 

rad p , x (< 1 + fJ.T >) = 0. 

Therefore, by the theorem, 

Ext^Mp^A.i) — ► ker ^(S.Z/pZ) — > H 1 {S\,Z/p'l) S J 

is an isomorphism. 

Corollary 4.42. Under the hypothesis of the theorem, any extension E G Ext 1 (G /Jj i, Ga.i) «s of 
type £(M,A;-F,j) ; Mp fo 

an extension of R. In particular any extension is commutative. 

Proof. Let E G Ext 1 (G M ,i, G A ,i). Suppose that a£(i*F) = [S 1 ], with 5" — >Sa G^-torsor. We 
consider the integral closure S" of S in S' K . Up to a localization (in the case S" — > S is etale), 
we can suppose S" local. So S" = Spec(F") where R" is a nocetherian local integrally closed ring 
of dimension 1, i.e. a d.v.r. (see 9.2]). Since S'^ ~ S^, then 5^ Xk S^- is a trivial F^-torsor 
over S'k. By 14.271 we have that S' x$ S" is a trivial F-torsor trivial over S" . So, if we make the 
base change / : S" — > S, then a* (i*(Fg>)) = 0. Bv l4.39t this implies that E" is of type 



28 



DAJANO TOSSICI 



Hence any E € Ext (G^i, Ga,i) is a commutative group scheme over an extension R' of R. So it 
is a commutative group scheme over R. 

□ 

Remark 4.43. Any i?-group scheme of order p 2 is of type £(^> X ' F ^\ possibly after an extension of 
R. Indeed, up to an extension of R, the generic fiber of any i?-group scheme is a constant group. 
Then the thesis follows from 14.11 and 14.421 

By 14.21 the extensions of Z/pZ by Z/pZ over K, which are extensions of abstract groups, are 
classified by Hq (Z/pZ, Z/pZ) ~ Z/pZ (see for instance [HI 2.7]). This group is formed by £j.K 
with j e Z/pZ. If j 7^ we have that £ j.x is isomorphic, as a group scheme, to Z/p 2 Z, while if 
j = it is isomorphic to Z/pZ x Z/pZ. We also define the following morphism of extensions 

<>,,.a : £ {M3) — E j<R 
(33) Si i — > 1 + fiSi 

S 2 i— » + AS 2 . 

It is an isomorphism on the generic fiber. Now, by the theorem, we get that £(^ A ; F J) are the 
only extensions which are isomorphic to £^k on the generic fiber. 

Corollary 4.44. The extensions of type £it Jr ' X ' F >^ are the only extensions £ € Ext 1 (G Mi i, Ga,i) 
which are isomorphic, as extensions, to £^k on the generic fiber. In particular they are the unique 
finite and flat R-group schemes of order p 2 which are models of constant groups. More precisely, 
they are isomorphic on the generic fiber, as group schemes, to Z/p 2 Z if j ^ and to Z/pZ x Z/pZ 
if 3 = 0. 

Proof. As remarked above any £(Vi^< F j) has the properties of the statement. We now prove that 
they are the unique extensions of G Mi i by Ga,i to have these properties. Let £ € Ext 1 (G /ij i, Ga,i) 
be such that £k — £j,K as group schemes. By 14.26} 14.331 and 14.391 we have the following commu- 
tative diagram 

Ext 1 (G Mi i, Ga,i) ker (h\S, G^) — H^Sx, G^)) 



ExtkOWp) * % Extjc(/jp,G m ) ~ i? 1 (Spec(^),Z/pZ) ^0 

where the vertical maps are the restrictions to the generic fiber. Suppose now that £ k is of type 
£j,K- By 14.331 it follows that a A o i*(£x) = 0. Since the above diagram commutes, this means 
that (a A o i*(£)) K = 0. By 14.271 we have that the second vertical map of the diagram is injective. 
This means that 

a*oi*(£) = 0. 

So 14.391 implies that £ is of type £(^> A ; F J). Now, if G is a model of a constant group, by 14.11 we 
have that G is an extension £ of G Mi i by G\,i. Moreover, since £k is a constant group, then 
£k £ Ext 1 (Z/pZ, Z/pZ). Therefore £k — £j for some j. So, by what we just proved, £ is of type 
g(fi,X;F,j) j ast asser tion is clear. □ 

4.8. Ext 1 (G /J ,i, Ga,i) and the Sekiguchi-Suwa theory. We now give a description of f ^ ,A;Fj ' 
through the Sekiguchi-Suwa theory. We study separately the cases A j fi and A|/i. 
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Corollary 4.45. Let [i,X G R be with v(Xm) > v(X) > v(/i). Then, no £ G Ext 1 (G /Ji i, G\,i) is 
a model of {"L / p 2 2 l ) k ■ Moreover, if p > 2 and v(n) > 0, the group {S^' X:F '^} is isomorphic to 

F-fu p_1 l F-[n p(p ~ 1 'l 

aeW{R/\R) \3beW{R/\ p R) such that 

pa=[-^- I }b+V(b)eW(R/\PR)^ I < [ri,{[^] b +V(b)\beW(R/X>Rf~ l ^ 1)] } >, 
through the map 

al > £(M,A;£ p (a,M;S) : 0)_ 

Remark 4.46. We know by 14.161 \A. 151 and 14.101 that any element of the set defined above can be 
chosen of the type [a] for some a G (R/XRf-b? ] . So, if we have two elements as above of the 
form [a] and [b] then [a] + [b] = [c] for some c G (R/XR) F ~^ '. We are not able to describe 
explicitly this element. If we were able to do it we could have a simpler description of the above 
set, as it happens in the case v(p) > v(X). We will see this in 14.471 

Proof. We now prove the first statement. We remark that by 14.441 it is sufficient to prove the 
statement only for the extensions in {£(^ A ; F >.J')}. Let us consider the restriction map 

r : Hom ffr (G AIi i| 5Ap ,G m | SAP ) — ► Hom gr (G M ,i| SA ,G m | S J- 

The morphism p : Hom gr (Gfe' x , & m \s x ) — > Bom gr (Q^'> 5ap . & m \s XP ) defined in Q is given by 
F(S) i-> F(S) P and induces a map 

Hom sr (G /Ji i| SA ,G m |s A ) — > Hom 9r (G Mi i| SAp ,G m | SAP ). 

Then 

Hom sr .(G Mi i| SA ,G m |s A ) Hom sr (G M ,i| SAp ,G m |5 AP ) Hom sr (G Mi i| 5A , G m | S J 

is the trivial morphism. Indeed 

(rop)(F(S)) = F(Sy G Hom gr (G M , 1|SA ,G m | S J, 

which is zero by definition of group scheme morphisms and by the fact that G Mi i has order p. 
Now let us take 

F(S) G rad p , x (< 1 + fiS >) ~ {£ " A:/ ' | . 

By definition 

+ = 1 e Hom(G /J) i | Sap , G m |s AP ) i 

for some j G Z/pZ. Hence 

r(iW(l + /*S)- J ') = + = 1 eHom flr (G M ,i |SA ,G m | S J. 

If (£^' A i F »J)) K ~ (Z/p 2 Z) K then j ^ 0. Therefore 

(l + »S)~ j = 1 G Hom gr (G M , !, Sa , G m | S J 
means > w(A). So, if v(fi) < v(X), necessarily j = 0. Hence 

rad Py \(< 1 + fiS >) := ^(S 1 ) G Hom gr (G Ali i| SA , G m | SA ) such that 



= 1 G Ho m (G M4|SAp ,G m | SAP )|/ < 1 + > . 
Therefore bv P! 14451 and |@J we have the thesis. □ 
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Corollary 4.47. Let us suppose p > 2. Let fi, A € R \ {0} be with v(Xn\) > v{n) > v(\). Then, 
j£U»,A;-F,j) y j g isomorphic to the group 

:= {,«,,, e IR/XEf x Z/ P Z „ ck tkatp a- ,„ = ^ e 
through the map 

(a,j)^£^ A ^^>. 

Remark 4.48. It is clear that if (0, j) S $ m ,a, with j 7^ 0, then p = mod A p . 

Proo/. Bv [4351 [4321 ® and [QQ] (for the case v(A) = 0) it follows that rad PtX (< 1 + fiS >) is 
isomorphic to 

F 



(34) 



(a, j) e (R/XR) x Z/pZ|36 6 W-"(i?/A p i?) 



such that p[o]-j[/*] =[^ T ]& + V r (&) € PF(i?/A p .R) 



Let a, j and b — (&o, 61, ... ) be as above. 
By [221 5.10], 

p[a] = (pa, a p , 0, . . . ) mod p 2 . 
Since [p] e W?(i?/A p i?) F it follows by that 

(35) j[p] = \jfA 
and 

(36) p[o] - j\p\ = (pa - jii, a p , 0, 0, . . . , 0, . . . ) G t?(i?/A p i?). 
We recall that 

[_£ T ]6=(-£ T 6 ,...,(P 
/p> 1 /i p 1 p p 1 



then, again bv l4.9[ we have 

(37) [-^-15 + v(b) = (J^bo, (J^Th + 6 , . . . , (Jzrf +1 b, +1 + &»,...). 

A 4 A 4 A 4 A 4 

Since 6 6 V^(-R/A p i?) there exists r > such that bi — for any i > r. Moreover, comparing 
dHJ) and {371), it follows 

(-frA+i + ii = fort>l 

(^1 f&i + &o = « p 
p p 1 

So 6j = if i > 1, bo = a p and pa — jp = —^aP. □ 

Example 4.49. Let us suppose /i = A = A (i ). Then G A(1) ^ Z/pZ. By Q6l Q71 and Q9l we 
have that 

{{krj, k)\k e Z/pZ} C *a (1) ,a (1) ^ rad Pi \ m (< 1 + A (1) 5 >). 
On the other hand by l4~39l and l4~4l it follows that rad p ,\ m (< 1 + A (1) 5 >) ~ H$(Z/pZ, Z/pZ) ~ 
Z/pZ. Therefore {(fcr?,A;)|fc 6 Z/pZ} ~ rad P:A(1) (< 1 + A (1) S >). 
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We now concentrate on to the case v(fi) > v(X), which is the unique case, as proved in I4.45[ 
where extensions of G M) i by Ga,i could be models of Z/p 2 Z, as group schemes. Our task is to 
find explicitly all the solutions (a, j) £ (R/XR) F of the equation pa —jfi = aP E R/\ P R. By 14.471 
this means finding explicitly all the extensions of type S^ P ' X:F ^ . Let us consider the restriction 
map 

r . { c„.x:r., j _^ Ex4(Mp,Mp) - Z/pZ. 
We remark that it coincides with the projection 



p 2 : Ua,j) e {R/XR) F x Z/pZ such that po- j> = ^rTa p e i?/A p i? 



Z/pZ 



So there is an extension of G Mi i by Ga,i which is a model of (Z/p 2 Z)i<- if and only if p 2 is surjective. 
First of all we describe explicitly the kernel of the above map. 

Lemma 4.50. We have 

kerp2 = < (a,0) E R/XRxZ/pZ s. t., for any lifting a E R, 



pv(a) > max{pu(A) + (p — l)f(p) — v(p),v(X)} 

In particular P2 is injective if and only if v (A) < 1 or v{p) — (p — l)v(fi) < p. 
Proof. Let (a,0) E kerp2 fl R/XR x Z/pZ. By the definitions we have that 

pa = j^zra p 6 #/A p i? and a p = E R/XR. 
Let a S i? be a lift of a. Since w(p) > v(X), if a ^ then v(a) < v(fi). Hence 

(38) v(p) + v(a) > pv{a) + v(p) - (p - l)w(p) 

Therefore 



if and only if 



if and only if 



pa = ~^oP E R/X P R 
-^a p = G R/X p R, 



pv(a) + v{p) - (p — l)v(fi) > pv(X). 
We remark that a p = E R/XR means pv(d) > f (A). So we have proved the first assertion. Now 
if v(X) < 1 or v(p) — (p — l)v(n) < p it is easy to see that there are no nonzero elements in kerp 2 . 
While if v(X) > 1 and v(p) — (p — l)v(fi) > p, take a E R/XR with a lifting a E R of valuation 
v(X) — 1. Therefore 

p(u(A) — 1) > max{pu(A) — v(p) + (p — l)u(p), u(A)}. 
Hence (a,0) £ kerp2. □ 

We remark that kerp2 depends only on the valuations of \x and A. So we can easily compute 
<JyA, too. 

Proposition 4.51. Let us suppose p > 2. Let fi, X E R \ {0} be with w(A(!)) > > v(X). 

a) If v([i) < pv(X) then P2 is surjective if and only if pv(^i) — v(X) > v{p). And, if P2 is 
surjective, $ Mi a is isomorphic to the group 

{(JVt— + a,j)\(a,0) E ker(p 2 ) and j E Z/pZ} 
A(i) 

For the definition of rj see \4-36\ 
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b) If v{p) > pv(X) then P2 is surjective and^^^x is isomorphic to 

{(a,j)\(a, 0) G ker(p 2 ) and j G Z/pZ} ~ kerp 2 x Z/pZ. 

c) 7/p 2 *s noi surjective then p 2 is the zero morphism. So $ m ,a = kerp 2 . 

Remark 4.52. Let us suppose < pv(X). Let (6, j) G $ m ,a with j ^ 0. By 14.481 then b ^ 0. 
Let 6 G i? be any of its lifting. Then v(b) = v{r}^-) — v(fi) — Indeed, by the theorem, we 

have b = Vjf^ + a f° r some a G R/XR with v(a) > ^(^a^") = ~ p> wnere a G i? is any 
lifting of a. 

Proof. a) First, we suppose that p 2 is surjective. This is equivalent to saying that 

(39) pa - Jf i = -^a? G R/XR 

has a solution a G (R/XR) F if j ^ 0. Since v(n) < v(p), by lf38|) it follows that 

(40) u(m) = - (p - l)v(ji) + pv(a), 

with a G i? a lifting of a. Since a G (R/XR) F we have pv(a) > v(X). Hence, by (|40l) . 
pv{n) — v(X) > v(p). 

Conversely let us suppose that pv([i) — v(X) > v{p). We know by 14.361 and 14.441 that 

PT)-\i) = T^rf GR/X^R. 
A (i) 

We recall that v{rf) = w(A( 2 )). Since pv(X^) — v(X(i)) + fi > pn > pX, if we divide the 
above equation by we obtain 

WT- -»= nh)^7 g R/^R- 

We remark that 77 G (R/XR) F , since, by hypothesis, K^;^ - ) ) — P v (t 1 )~ v (p) ^ U M- 
Clearly j r l~\^ m a solution of f39|) for any j G Z/pZ. 

In particular it follows that, if p 2 is surjective, <£> m ,a is isomorphic to the group 

{UVt— + a,j)\(a, 0) G ker(p 2 ) and j G Z/pZ} 
A(i) 

b) If v(fi) > pv(X) then we have that p = G R/X P R. We remark that (0, j) G $ m ,a. 
This implies that p 2 is surjective and that {a,j) G R/XR x Z/pZ n $^,a if and only if 
(a,0) G ker(p 2 ). 

c) Since p 2 is a morphism of groups with target Z/pZ then the image of pi is a subgroup of 
Z/pZ. Then the image of p 2 is trivial or it is equal to Z/pZ. The assertion follows. 

□ 

Example 4.53. Let us suppose t>(p) = ^(A^)), i.e. G Mi i ~ Z/pZ. For simplicity we will suppose 
p = Am. Then pi is an isomorphism. Indeed in this case ker(p 2 ) = by 14.501 and it is surjective 
by I4.51f a)-fb). This means that, in this case, any extension £( A a)' A ' F J) is uniquely determined 
by the induced extension over K. Let us now consider the map 

Ext 1 (G , A (1) ,i, Ga (1) ,i) — ► Ext 1 (G , A (1) ,i: G\.\) 

induced by the map Z/pZ ~ Ga (1) ,i — ► Ga.i given by S i— > ~^-S. It is easy to see that £( A a)' A ; F J) 
is the image of g^w^W'Ep^s) >■?') through the above map. Indeed from the above proposition we 
have that F(S) = E p {rjS) mod A. We remark that if pv(X) < v(A(i)) then r\ = mod A, indeed 
in such a case v(X) < v(X( 2 )) = v(r]). 
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Hom gr (Gg t i,Gg tl ) = | 



4.9. Classification of models of {Z/p 2 Z)k- By the previous paragraphs we have a classification 
of extensions of G M) i by G\,i whose generic fibre is isomorphic, as group scheme, to Z/p 2 Z. But 
this classification is too fine for our tasks. We want here to forget the structure of extension. We 
are only interested in the group scheme structure. We observe that it can happen that two non 
isomorphic extensions are isomorphic as group schemes. We here study when it happens. 

First of all we recall what the model maps between models of Z/pZ are. Let us suppose g,g<ER 
with v(g),v(g) < v(Xm). Since Gg t i is flat over R, by 14.131 it follows that the restriction map 

Hom gr {G e>1 ,G~ Q>1 ) — ► E,om,gr((Gg tl ) K , (Gg tl ) K ) ~ Z/pZ 

in an injection. It follows easily by lflO|) that 

Z/pZ, if v(g) >v(~g); 
0, if v(g) < v(~g), 

where, in the first case, the morphisms are given by S i — > — - with r G Z/pZ. We remark 

g 

that, if v{q) — v{g) and r ^ 0, these morphisms are isomorphisms. 

We now recall that bv IO WM. EM and any model of (Z/p 2 Z) K is of the form £^;^i) 
such that j ^ 0, v{\ {1) ) > v(ji) > v(X) and F(S) = ^f=o tr 5 '* with ( a J) G $ju,A- See E3] for 
the explicit description of ^.a- F° r i = 1,2 let us consider £(Pi< x i'> F i,Ji) ) models of (Z/p 2 Z)k- 
First of all we remark that there is an injection 

r K : Hom^ 1 '* 1 '^'^^ 2 '* 2 '^' 25 ) — ► Homx^.x, 

given by 

/ 1 — ► (a M2 ,A 2 ) K o f K o (a Ml ,Aj K 
See (|33| for the definition a^A- We recall that 

Hom(%,%) ~ H.om. K (£j ltK ,£j 2 ,K)- 
and the elements are the morphisms 

yr,s • £j\ > £j% ) 

which, on the level of Hopf algebras, are given by 

(41) Si .— > 

(42) S 2 .— » S(S r 2 , 
for some r € Z/pZ and s G Z/pZ. Moreover the map 

Hom(^,£ j2 ) — > Z/p 2 Z 

VV,« 1 — > r+—s 

Jl 

is an isomorphism. So Hom(£ £ C/WjAaiiWa)) }g a subgroup of Z/p 2 Z through the map 
rff. We remark that the unique nontrivial subgroup of Hom^j , £j 2 ) is {V>o, s |s G Z/pZ}. Finally 
we have that any morphism £ (mi^i.^i.j'i) — > £(p-2M, F^,h)^ \ s gi ven by 



Si 

(43) 



(1 + AtiSi)'£ - 1 

M2 

(Fi(Si) + AiS a ) r (l + Mi5i) s - F 2 ( (1+ ^} 32 - 1 ) 



for some r, s G Z/pZ. With abuse of notation we call it ip r ,s- We remark that the morphisms 
Vv, s : £(^< X ^< F ^ — > g(M2,X 3 ,F2,h) w hich are model maps correspond, by JS}, to r ^ 0. In 
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such a case Vv,s is a morphism of extensions, i.e. there exist morphisms ipi : Ga.i — > Ga,2 and 
"02 : — > such that 

>G Al;1 ^G m ,i ^0 

(44) 



-Gx 2 1 ^£(H2,\2,F 2 ,j 2 ) 



4>2 



1*2,1 ^ U 

commutes. More precisely ip\ is given by S i— > ( - 1+A ^- ) — - and 02 by 5 i— > < ' 1+M ' ? ^ J2 — -. 
We now calculate Horn^ 1 '* 1 ^' 1 ), £^ 2 > A2 ' F ^' 2 )). 

Proposition 4.54. For i = 1,2, i/ F i (5') = ^(a.S 1 ) = ECj^ 5 '* ^ = £^^ Fi '^ 
models of (Z/p 2 Z)/<- we have 

0, ifv(ni) < v(X 2 ); 

{A,s} Z/p 2 Z, »/ t-( M2 ) < vQjh), v(X 2 ) < «(Ai) 



Hom(<?i,<%) 



{V'o.s} — Z/pZ, otherwise. 



and a\ = ^jj^ a 2 mod A 2 ; 



Proof. It is immediate to see that ^£>o,s S Hom^i,^), with s ^ 0, if and only if > u(A 2 ). 

We now see conditions for the existence of Vv,s with r ^ 0. If it exists, in particular, we have two 
morphisms G^.i — ► G> 2 ,i and G\ 1 .i — ► Ga 2 ,i- This implies > u(/i2) and w(Ai) > u(A 2 ). 

Moreover we have that 

Ji(Si) r (l = F 2 ( {1+fllSl) * ~ 1 ) g Hom(G„ 1|1|s ,G m , SA2 ). 

Since v(mi) > u(a*2) > «(A 2 ), we have 

„ 121. 

(45) Fi(Si) r = F 2 ( (1 + M Y 2 _1 ) eHom(g^,i| gAa .Gm|^). 

If we define the morphism of groups 

[^]* : Hom ( G M2,l|S A2 ' G ™|SA 2 ) > Hom ( G Ml4|S A2 > (G m|SA 2 ) 

M2 



then 



F (1 + //iSi) = mi / ((1+ M1S1) ^ - I 



M2 P2 \ \ Ml 

[— ] 

M2 



[— ]*(F 2 (S!))^ 



= -F 2 ( — (Sl))^- 
^2 

Therefore we have 

(46) fiOS^ = (F 2 (— G Hom(G Ml , 1|s ,G ro | S , ). 

P2 

Every element of Hom(G Mli i| S ^ , G m |s A ) has order p. Let t be an inverse for r modulo p. Then 
raising the equality to the i'^-power we obtain 

fi(Si) - (F 2 (^Si))^ Hom(G ,<G m |sJ- 
M2 2 
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By 14.221 this means 

ai = a2 mod A2. 

J2 M2 

It is conversely clear that, if v(fii) > v(fi 2 ), v(Xi) > v(\%) and 

fi(Si) = {F 2 {^Sx))^ eHom(G Mll i |SAa ,G m , SAa ), 
then l(4*3|l defines a morphism of group schemes. 

□ 

We have the following result which gives a criterion to determine the class of isomorphism, as 
a group scheme, of an extension of type £O i '*i- F >J'). 

Corollary 4.55. For i = 1,2, let F,(S) = E p (aS) = J2l=o wT 5 * anrf to ^ = £ ifH,Xi '' FiJi) be 
models of (Z/p 2 Z)^. T/ien i/iey are isomorphic if and only if = ^(^2), w (Ai) = w(Aa) 

and ai = j^^ a 2 mod A2. Moreover if it happens then any model map between them is an 
isomorphism. 

Proof. By the proposition we have that a model map ip r<a : £(A*i>^i,^i>ii) — > g{p.iM,Fi,h) exists if 
and only if villi) > vi^), v (^i) > 1KA2) and ai = 4 liil a2 mod A2. It is a morphism of extensions 

,72 M2 

as remarked before the proposition. Let us consider the commutative diagram (J4TJ) . Then ip r>s is 
an isomorphism if and only if tpi is an isomorphism for i = 1,2. By the discussion made at the 
beginning of this section this is equivalent to requiring v(fii) = v(p2) and v(\±) = v(\2). This 
also proves the last assertion. □ 



We remarked that if v(fj.\) = v(fi2) and u(Ai) = V (A2) then 

Ext 1 (G Pli i, Gai.i) — Ext 1 (G M2 4, Ga 2 ,i). 
The following is a more precise statement for extensions of type S^' X:F ^\ 

Corollary 4.56. Let £<J*iM;E P (aS),j) g Ext^G^,!, G Al ,i) be a model of Z/p 2 Z. Then for any 
/it2) A2 such that v(pi) = v((i2) and v(Ai) = v(A2) we have 

as group schemes. 

Proof. Firstly we prove that there exists the group scheme £ i ~ p -' 2 - x ' 2 ' E ^l~ s ^ 1 \ By 14.471 we have 
that a e (R/XR) F and 

P 

(47) pa - j/ii = ——[0? mod \\. 

Mi 

Then, multiplying (|47ll by ^7 j, we have 

«M2 P ( a/i 2 V , , P 

P- M2 = -5=1 - — mod A£. 

JMi M2 VJMiy 

Hence £ ( > 2 ' A2 '- E p(77rT' s ')' 1 ) is a group scheme (see again l4~47j) . Then by the above proposition we 
can conclude that 

as group schemes. 

□ 
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Example 4.57. Let /i, A € R be such that v([i) = v(X) = v(Xm), We now want to describe 
Z/p 2 Z as £(t*>*F,i). We recall that we defined 

fc=i 

By 14.361 and the previous corollary we have 

We conclude the section with the complete classification of (Z/p 2 Z)j<--models. The following 
theorem summarizes the above results. 

Theorem 4.58. Let us suppose p > 2. Let G be a finite and flat R-group scheme such that 
G K ^ (Z/p 2 Z) K . ThenG- £^ m ^ n ;E p (aS),i) f or somf , v [\ {1) ) > m > n > and (a, 1) e $ 7r ">,7r«- 
Moreover m, n and a £ R/ir n R are unique. 

Remark 4.59. The explicit description of the set ^„m >v n has been given in 14.511 and 14.501 

Proof. Bv[4Tl l[4^l4^5l07l and [436l anv model of (Z/p 2 Z) K is of type £^ m ,^ n ;E P {aS),i) with 
m> n and (a, 1) £ $„m^„n. By l4.55l it follows that, 

£-(7T m i,7r"i,£; p (a 1 S)4) ^ £(7r m 2,7r"2,_E p (a 2 5),l) 

as group schemes if and only if mi = m 2 , ri\ — n 2 and 01 = 026 R/Tt ni R. □ 
5. Reduction on the special fiber of the models of {Z/p 2 Z) K 

In the following we study the special fibers of the extensions of type £( A '^; F >-?) with v(fi) > 
v(X). In particular, by 14.451 this includes the extensions which are models of (Z/p 2 Z)x as group 
schemes. We study separately the different cases which can occur. 

5.1. Case y(ji) = v(A) = 0. We have (G x ,i) k ^ (G>,i)ft a fx p . The extensions of type £&M F >i) 
are the extensions £1 with i S Z/pZ. The special fibers of the extensions £j with i E Z/pZ are 
clearly See also 14.331 

5.2. Case v(Am) > v(/i) > v(A) = 0. In such a case we have (G\ : i) k ~ (i p . It is immediate by 
the definitions that any extension £(P,WJ) jg trivial on the special fiber. 

5.3. Case v(A (1) ) > v(/i) > v(A) > 0. Then (G„,i) fc ~ (G A ,i)fe - a PJc . 

First, we recall some results about extensions of group schemes of order p over a field k. See 
[H III §6 7.7.] for a reference. 

Theorem 5.1. Let us suppose that a p acts trivially on a p over k. The exact sequence 

p 

— ► a p — > G a — > G a — > 
induces the following split exact sequence 

— ► Hom fe (a p ,G Q ) — ► Ext 1 (a p , a p ) — > Ext 1 (a p ,G a ) — > 0. 
It is also known that 

Ext 1 (G a , G a ) ~ H 2 (G a ,G a ) — ► H 2 (a p , G a ) — Ext 1 (a p , G a ). 
is surjective. Since Ext 1 (G a , G a ) ~ H 2 (G a , G a ) is freely generated as a right A:[F]-module by Cj = 
XP '+ XP '-( X + Y ) P ' and D . = xyp 1 for alH e N \ {0}, it follows that H$(a p , G a ) ~ ExtVjo G a ) 
is freely generated as right k- module by the class of the cocycle C\ — X +X ~ p X+Y ^ ■ So 



Ext 1 (ap, G a ) — k. 
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Moreover it is easy to see that Homfe(a p , G Q ) — k. The morphisms are given by T n aT with 
a G k. By these remarks we have that the isomorphism 

Hom fc (a p ,G a ) x Ext (ap, G a ) — ► Ext 1 (a p , Op), 

deduced from l5.1[ is given by 

(/3, 7 Ci)^£/3, 7 . 

The extension J5^ )7 is so defined: 

= Spec(fc[5 1 , 5 2 ]/(Sf , Sf - 

(1) law of multiplication 

51 i — ►Si O 1 + 1 (8 Si 

5 2 ' >S 2 ® 1 + 1 ® S 2 + 7~ 1 — ~ 

P 

(2) unit 



5i — > 
S 2 ^0 



(3) inverse 



S*i i — ► — S± 
S2 1 — > — S2 

It is clear that all such extensions are commutative. In (22j 4.3.1] the following result was proved. 
Proposition 5.2. Let A,/i£ ttR\ {0}. Then [g^ E ^ a ^ s ^ e H 2 

(G a ,fc,G a ,fc) coincides with 

the class of 

2. a 

fe=l 

w/iere a G is a /j/tmg 0/ a G W(R/XR). 

We deduce the following corollary about the extensions of a p by G a . 

Corollary 5.3. Let X, \i G rri? \ {0}. T/ien [£^,A;-E P (a^s))j g H$(a P k ,& a . k ) coincides with the 
class of 

(F-[/Q)(&) r 

_ S 

w/iere a G W(i2) is a lifting of a G W(R/XR). 

Proo/. This follows from the fact that gCn.Wo./i.S)) ^ g(»,\;E P ( a ,»,S)) through the map 
Ext^C.Ga) ~ff 2 (G a ,G Q ) -^Hg(a p ,G a ) ~ Ext 1 ^, G a ). 

□ 

Let us take an extension £i^^- E p(. aS ) L e ^ ^ be a lifting of a. We have that on the special 
fiber this extension is given as a scheme by 

£ ^X;E p (aS),j) = Spec ( k[Sl , S 2 }/ (S* , S$ - (- E '=° ^ + f^l } " 1 ) ) ) , 

By 14.471 we know that 

pa - jfi - -^a p = G R/X P R 
In the proof of the same corollary we have seen that 

P[o] - jM - h^o"] - V([a*]) = [pa - jn - -£-0?] G W(R/X>R). 
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By the definitions we have the following equality in Hom(Sfe| p , G m \s X p ) 



Moreover we have 



So we have that 



■ ^(pa-jf l --£= T ar) i Si 

(£ ^s\T(i + - 1 = £ f 1 



i 

i=0 



(» au > ,iy(R[ Sl ]/( {1 + XS /- 1 ) 



Hence 



(pa - jn - jJ^aP) 

— ; Dl mod 7T. 

\P 

On the other hand ^ X]Ep{aSh3) ^ gjM^B,(aS)) through the map Ext^oip. a ^ _^ Ext 1 (o<p> G a ). 

Therefore £^< X ' E p( aS )^ ~ Eptl with /3 = (- Pa ~ m ~J^ — mod tt) and 7 = ( — mod *■)• We 
have so proved the following result. 

Proposition 5.4. Lei A,/i € irR be such that v(X) < v(fi) < u(A (1) ). Tftera ^ X ' E p( aS ) ■•»')] e 
ExtJ,(ck p , a p ) coincides with the class of 

pa-jfi- qP 

where a <E R is a lifting of a G R/XR. 

5.4. Case v(A(i)) = v(/i) > v(A) > 0. In this situation we have 

(G>,i) fe ~ Z/pZ and (<?A,i) fc ^ a p . 



Proposition 5.5. Let A,/i G 7ri? fee such that v(fx) — v(Xn\) > v(X). Then £^ J/ - X ' E p^ aS ^^ j s 
trivial extension. 

Proof. We can suppose p = An). From l4~53l it follows that S^ ^' ' F '^> is in the image of the 
morphism 

Ext (C?a (1) ,i, G\ (lh i) — ► Ext (G\\ (1) ,i, Ga,i) 

induced by the map Z/pZ ~ Ga (1) ,i — ► Ga,i given by S i— > -^^« But this morphism is the zero 
morphism on the special fiber. So we are done. □ 

5.5. Case v(Am) = v(/i) = v(A). We have 

(G M ,i) fc ~ Z/pZ and (G A ,i) fc Z/pZ. 

For simplicity we will suppose p = A = A(i). We recall the following result. 

Proposition 5.6. Lei suppose that Z/pZ acis trivially on Z/pZ over fc. TTie exaci sequence 
— > Z/pZ — > G a — > G a — > induces the following exact sequence 

Hom gr (Z/pZ,G a ) ~ k ^— + Hom 5? .(Z/pZ, G a ) ~ — ► ExtJ,(Z/pZ, Z/pZ) — ► 

F -1 



Ex4(Z/pZ,G Q ) ~ fc —4 Ext£(Z/pZ,G a ) ~ fc 
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Proof. [J □ 
We observe that ker ( Ext 1 (Z/pZ, G a ) - — I Ext 1 (Z/pZ, G a ) ) ~ Z/pZ. It is possible to describe 



more explicitly Ext x (Z/pZ, Z/pZ), We recall that Ext 1 (Z/pZ, G Q ) = H$(Z/pZ,G a ) is freely 
generated as a right fc- module by the class of the cocycle C\ — X +X ^ X+Y ^ ■ 



There is an isomorphism, induced by the maps of 15.61 

fc/(F-l)(fc) x Z/pZ — > Ext 1 (Z/pZ,Z/pZ), 

given by 

(a, b) i * 

The extension E a ^ is so defined: let a S fc a lifting of a, 

E a , h = Spec(fc[Si,£ 2 ]/(S£ -S 1 ,S$-S 2 -aS 1 )) 
(1) law of multiplication 

Si i — >Si (8» 1 + 1 (8) Si 

S? ® 1 + 1 ST - (5i <B> 1 + 1 (8 Si) 25 



S* 2 i — >5" 2 <8> 1 + 1 <g> S 2 + b 

(2) unit 

(3) inverse 



P 



51 i — ► 

5 2 ^0 

51 i — ► — 5i 

52 1 > — S*2 



We remark that the extensions which are isomorphic to Z/p 2 Z as group schemes are the ex- 
tensions i?o,b with b ^ 0. By 14.491 we have that any extension of Z/pZ by Z/pZ is given by 
£(\ (1) ,\ (1 y,E p (j V S),j)_ We nQW gtudy itg re d uct i on on trie spe cial fiber. 

Proposition 5.7. For am/ j e Z/pZ, ^V) Aw^CwS),^ = Eo j g Ext^Z/pZ, Z/pZ). 
Froo/. As group schemes, £(\D>*m; E ptivS)j) ^ ^/p 2 Z, if j ^ 0, and £ (>(u.*cd;1.o) ~Z/pZxZ/pZ 
otherwise. In particular gj^W' > 'W' Ev ^' nS ^^ nas a scheme-theoretic section. It is easy to see that 

with 

b = (~H — 7 Tm mod 7r ) = 

A (1) (p- 1)! 



p A 

since = = 1 mod it and (p — 1)! = —1 mod n (Wilson Theorem). □ 
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